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Chapter One

Matrices

Definition:

A matrices is a set of real or complex numbers (or elements) arranged in rows and
columns to form rectangular array. A matrix having m rows and n columns is

called (mx m) matrix and is referred to as having order (mx n) .
A matrix is in dictating by writing the array within brackets.
all alz ann aln
a21 azz ) azn
Am1 Amz2 - Amn
A horizontal line of elements is called row, and a vertical line is called a column.
For example:

5 7 2

6 3 8] is (2x 3) matrix

2 the numbers of rows and 3 the number of columns.



Types of Matrices:

-Row matrix: consists of 1 row only, for example [4 3 7 2] is a row matrix of -
order (1x 4).

- Column matrix: consists of 1 column only, for example

6
3
8

Is a column matrix of order (3x 1).

-Square matrix: is a matrix in which the number of rows (m) equals the number

of columns (n) for example

2 0 5
S=1|7 8 7

6 7 5

-Rectangular matrix: A matrix of any size (mx n) and this includes square

matrices as a special case.

- Diagonal matrix: is a square matrix with all elements zero except those on the

main diagonal. For example

-1 0 0
D=10 4 0
0 0 7

-Unit matrix: is a diagonal matrix in which the elements on the main diagonal are

all unity. For example



-Null (zero) matrix: is one whose elements are zero. For example

0 0 O
0O=|0 0 O
0 0 O

-Vector matrix: is a matrix with only one row or column. Its entries are called the

component of the vector.

Some Operations on Matrices:

1- Equality of matrices:

Tow matrices A and B are equal if and only if they have the same size and

corresponding entries are equal, matrices that are not equal are called different.

Example: let A = [221 azz] and B = [3 _]

A:B |f and Only |f a1 = 4, aip, = 0, a1 = 3, a;, = -1

5 3 4 2 39
Example:IfA=[b p 1] B = [3 p 1 and C = —03 8 (1)

ThenA=Bifa=9and b=-3but A +# Cand B # C.
2-Addition and Subtraction of Matrices:

To be added or subtracted, two matrices must be of the same order. The sum or

difference is then determined by adding or subtracting corresponding elements.

For example:



I
()

3]_|_1 8 9]_4+1 2+8 3+9]_[5 10 12

5 7 6 3 5 4 1543 745 6441 18 12 10
[6 5 12]_[3 7 1]:6—3 5—7 12-1 [3 -2 11
9 4 2 10 -5 9—-2 4—-10 8+5 —6 13

3-Multiplication of Matrices:

Tow matrices can be multiplied together only when the number of columns in

the first is equal to the number of rows in the second, for example:
a a a by

If A= [ 11 12 13 bZ]

bs

and B =
A1 Ay a23]

Then:
b
A B _ [all a12 a13] bl — allbl + a12b2 +a13b3
' a21 aZZ a23 b a21b1 + azzbz +a23b3
3
4 7 6 8
Example: If 4 = | and B = |5/, find A.B
2 3 1 9
Sol:

AB 4 7 6] [4*8+7*5+6*9 =[32+35+54] [121
' 2 3 1 2x8+3x5+1%9 16 +15+9



1 5
Example: If A = 7| and B = 8 4 3 1],findA.B
2 5 8 6
3 4
Sol:

8+10 4+25 3+40 1+30
=116+14 8+35 6+56 2+42

A.B =
24+8 12+20 9+32 3+24

2 71 5 8 6

: i] 843

=(30 43 62 44

[18 29 43 31]
32 32 41 27

Note: If A is an (mx n) matrix and B is (nx m) matrix, then products

A.B and B.A are possible.

1 2 3 7 10
Example: If A = [4 c 6],B =|8 11|,find A.Band B.A
9 12

Sol:

AB=[7+16+27 10+22+36] [
' 284+40+54 40+55+72 122 167

7 101, , 5 [7+40 14+50 21+60

8 11][4 e o|=|8+44 16455 24+66

9 12 9448 18460 27472
47 64 81
=|éz 71 90
57 78 99

Note: A.B # B.A Multiplication is not commutative.




Properties of Matrix Operations:

If A and B, C are (mx n) matrices, O is zero matrix and K, R are any scalars
then:

- A+B =B+4

- (A+B) +C = A+ (B+0)

- A+0 = A, A+(-4) =0

- KRA) = (KR)A(K+R)A = KA +RA
- IA=A,0A=0,R0 =0

Transpose of Matrix:

If the rows and columns of matrix are interchanged, then the new matrix is called

the transpose of the original matrix. If AT is the transpose of matrix A, then

A # AT | For example:

4 6
2 5
2 7 6 40
Example: IfA=[3 1 5] and B = |3 7],findA.Band(A.B)T.
1 5

Sol:

e R i



Special Matrices:

Square matrix is a matrix of order (m X m). A square matrix is symmetric if

a;j = a; means A = AT for example
1 2 5 1 2 5
A=12 8 9, A"=|[2 8 9
5 9 4 5 9 4
A square matrix is skew-symmetric if a;; = —a; means A # AT for example
0 2 5 0 -2 =5
A=|-2 0 9|, A"=[2 0 -9
-5 -9 0 5 9 0

Example: Given that A = [41} 523 ?] determine AT and A. AT .
Sol:
4 1
4 2 6 T
a=li 5 7l A= g]
A AT = 4 2 6 é='16+4+36 4+16+42] [
' 1 8 7 4 +16+42 4+ 64449 62 117

Determinant of a Square Matrix:

The determinant of a square matrix is the determinant having the same elements as
those of the matrix. For example



5 2 1
0 6 3] then the det of A is given by:
8 4 7

A=

|A| = 5(42 — 12) — 2(0 — 24) + 1(0 — 48) = 5(30) — 2(—24) + 1(—48)
= 150 + 48 — 48 = 150

Note that the transpose of AT =2 6 4

508]
1 3 7

And the determinate of AT is

|AT| = 5(42 — 12) — 0(14 — 4) + 8(6 — 6) = 5(30) = 150

Note that: det (A) = det (A7).

Cofactors:

If A is square matrix, the determinates of its element will be:

A=14 1 6

1 4 0

235]

det(A) =2(0 — 24) — 3(0 — 6) + 5(16 — 1) = 45

The minor of element 2 is + Ll} 8] =0—24=-24

Similarly the cofactor of element 3 is - [11L 8 = —(0-6)=6



The cofactor of element5is + [4 ﬂ =+(16-1)=1

The cofactor of element 4 is - i g] = —(0—-20)=20
: 2 51 _ _

The cofactor of element 1 is + [1 O] = +(0—-5)=-5
: 2 31 _ _

The cofactor of element 6 is - 1 4] = —(8-3)=-5

The cofactor of element 1 is + [ 2] = +(18—-5) =13

The cofactor of element 4 is - LZL 2] = —(12—-20) =8
: 2 31_ _
The cofactor of element 0 is + 4 1] = +(2-12)=-10

The cofactor matrix C is

—24 6 15
C=120 -5 =5
13 8 -—-10

And the transpose of C is
—24 20 13
cT =[ 6 -5 8 ]
15 -5 -—-10

Where CT is called the adjoint of matrix A = adj A.

10



Inverse of a Square Matrix:

2 3 5
If A=14 1 6] then the inverse of Ais A~! and given by:
1 4 0
1 _ adj A
detA

detA = |A] = 2(0 — 24) — 3(0 — 6) + 5(16 — 1) = 45

The cofactor matrix C is:

—24 6 15 —24 20 13
c=|20 -5 -5|and CT=adjA| 6 -5 8
13 8 -—10 15 -5 -10

—24/45 20/45 13/45
:[ 6/45 —5/45  8/45 ]
15/45 —5/45 —10/45

-5 8

adjd 1 [—24 20 13]
1= = 6
15 -5 -10

Example: Find the inverse of the given matrix A =

Sol:

detA = 1|4 =1(2—-0)—2(8—-30)+3(0—-6) =28
The cofactor of element1 is +(2—0) =2

The cofactor of element4 is —(4 —0) = —4

11



The cofactor of element6is +(10 —3) =7
The cofactor of element 2 is — (8 — 30) = 22
The cofactor of element 1is +(2 — 18) = —16
The cofactor of element0 is —(5 —12) =7
The cofactor of element 3is +(0 — 6) = —6
The cofactor of element5 is —(0 — 12) = 12
The cofactor of element2 is +(1 —8) = -7
The cofactor matrix C is

2 22 -6 2 -4 7
C=|-4 —-16 12| and adjA=CT=|22 -16 7
7 7 -7 -6 12 -7

-1

= |22 -16 7 22/28 —16/28 7/28

detd 28 —6/28 12/28 —7/28

adj A 1 2 -4 7 ] [ 2/28 —4/28 7/28 ]
-6 12 =7

11/14 -8/14 1/4

1/14 -1/7 1/4
—-3/14 6/14 —1/4]

12



Grammar’s rule for solving a set of linear equations:

Consider a set of linear equations in three unknowns X, vy, z

ay1X + a;;y + ay3z = by (1)
ay1X + Ay + A3z = b, (2)
a31X + a3y + a33Z = by (3)

In matrices notation the system of linear equations may be written as:

a;1 A12 A13]rx b,
a1 Qzp; Qz3 [y = |b,
az; Qaz; Qszllz b,

The above theorem called Grammar’s rule to solve it we put:

ay1 Q12 Qg3 by ai; a;3
D =|az1 Qz; aZS]: D, =|b; ay 023]
asz; Qasz; Qass b; a3, as;
a;y by a3 a;; a; by
D, =|a;; b, ‘123‘, D; =|az; az, bz‘
azy bz az; azy az; b;

If D # 0 then the system has unique solution.

D, _ D, D3

“X=p o YT D

13



Example: Use Grammar’s rule to solve the system

5x—-2y=-1
2x+3y =3
Sol:

2 b=

D=[5 =15+4=19

2 3
Dlz[_; _32]=—3+6=3
D2=[; _31]=15+2=17
y=21_3 ,yz&zﬂ
D 19 D 19

Example: Use Grammar’s rule to solve the system
xX+2z=6
—3x+4y+ 6z =30
—x—2y+3z=28

Sol:

1 0 2«
—3 4 6H=
—1 -2 3llz

6
30
8

14



1 0 2
D=|-3 4 6]=1(12+12)—0+2(6+4)=24+20=44
~1 -2 3
6 0 2
D,=130 4 6|=6(12+12)+2(—60—32) = 144 — 184 = —40
8 -2 3
1 6 2
D,=|-3 30 6] = 1(90 — 48) — 6(=9 + 6) + 2(—24 + 30)
-1 8 3

=42+18+12=72

1 0 6
D;=|-3 4 30]=1(32+60)—6(6+4)=92+60=152
-1 -2 8
Ay s y=l 72 y=Ds_ 152
D 44 D 44

15



HOMEWORK

1- Solve the following equations using Grammar’s rule:

a) 3x+8y =4
3x—y=-13

b) 2x+y—z=2

xX—y+z=7
2x+2y+z=4

3 0 1
2- Find A. A1 if the matrix Ais givenby:A=|0 0 2]
-1 1 5
x> 2 9 0 2 9
3-IfA=|1+y 4 0|landB=|5 4 0],findthe values of x,y.
2 3 3 2 3 3

16



Chapter Two

Inequalities and Functions

)

Definition:
If a and b are real number, then one of the following is true
a > b, a<b ) a=0>,

If a>b»b then -a< b; -2<-1

U1 =

<

.
)

Q| m
[~

If a>»hb then <

Intervals:

Definition: An interval is a set of numbers x having one of the following

1

Openinterval: a <x <b = (a,b)

N
1

Closed interval: a < x < b = [a, b]

¢

Half open from the left or half close from the right a < x < b = (a, b]

S
1

Half close from the left or half open from the righta < x < b = [a, b)

17



Notes:

l-a<x<ow =a<x=(a o)
2-a<x<o=a<x=]|ao)
Fowo<x<a=x<a=(—xa)

4- o <x<a=x<a=(—»,4q]
Absolute Value:

Definition: The absolute value of real number x is define as:

le_{ X x=0
=g, x<0

Properties of absolute value:

1—|x|=aif and onlyif x = ta

2- |x| = |—x|,anumber and its additive inverse or negative have

the same absolute value.
3.yl = I¢l. Iyl and [4] = T2
— |x.y| = |x|. and |—-| = —
Y Y yl |yl

4 — |—x| = |x|, |a] = \/E where a = scaler.
S5—Ixtyl<Ix[ £yl

6 —|x| <a thismeans—a<x<a
7—|x| =2 a thismeans—a<x<a

8—|x| >a thismeans x < —a or x >a

18



9—|x|] =a thismeans x < —a orx=a

Example: Find the absolute value of the following:

1) [== <6 2) I5x — 2| > 1 3) 2x —3| < 1
Sol:
1) [ <6 -6 <E 2 <6|+ 4o —24<2x+1<24
—1-24<2x+1-1<24-1 - [-25<2x<23]+2
_B_..B
2 7 T2
2) |5x—=2|=>1
S5x—-22=>1 or S5x—2< -1
5x—-2+2=21+2 or S5x—-2+2<-1+2
5x >3 or 5 <1
xZ% or xS§
3)12x—3| <1

2x—3|<1->-1<2x-3<1

—1+3<2x—-3<1+43 > [2<2x<4]+2 >1<x<?2

19



Functions and their graphs:

Increments and Straight Lines:

When a particle moves from one point in the plane to another, the net changes in its
coordinates are called increments. They are calculated by subtracting the coordinates
of the starting point from the coordinates of the ending point. If x changes from x,

to x, andy increment changes from y, to y, iny then the increment in x and y

respectively is:

Ax =x, — x4 and Ay =y, —y,

ILI:‘I.J-II]-
PL '{3'
Ax'

> N

20



Slope:
Definition: the slope of the nonvertical line p, (x4, y;) and p, (x5, y5)

Ay ya—y1
m= = = tanf
Ax X, — X4

We can write an equation for a nonvertical straight line L if we know its slope m
and the coordinates of one point p; (x4, y1)on it. If p; (x4, y1) is any other point

on L, then we can use the two points p,and p to compute the slope,

or y=y;+m(x—xq)

This equation is called the point-slope equation of the line that passes through the
point p; (x4, y1) and has slope m .
Example: Write an equation for the line through the point (2, 3) with slope -3/2.
Sol:
y=y1+m(x—xq)
We substitute x; = 2 and y,; = 3 into the point-slope equation and obtain
y=3-2(x—-2)=3--x+3=—->x+6
Example: Write an equation for the line through (-2,-1) and (3, 4).

Sol:

- 4—(-1 4+ 1 5
m=:V2 yl_ ( ) _E=1

Xo—X1 3—(— 2) 3+2

We can use this slope with either of the two given points in the point-slope

equation:

y=y;+mx—x)=-1+1x+2)=x+1

21



Tangent Line:

The tangent line to the curve at P is the line through P with this slope.

Finding the tangent y = f(x) to the curve at (x,y) by derive the function y with
respect to x and then apply :

y=y. +m(x— x.)
Example: Find the slope of the curve and the tangent line of
y=1+x?2 at (2,5).
Sol:

The slope

m=2=2x atx=2 m=2+2=4
dx
Tangent line

y=y-+m(x—x)=5+4(x—-2)=5+4x—-8=4x—-3.

If f isafunction with domain D, its graph consists of the points in the

cartesian plane whose coordinates are the input-output pairs for f.

Example: Graph the function y = x? over the interval [-2,2].

22



Sol:
weputx=0-y=x2-> y=(0)> -y=0 - (0,0) (<2.4)

x=1-y=x">y=D?->y=1-(1) T

[
I

x=-1l-oy=x*>y=(-1?-> y=1-(-11)

LDy gk S

x=-2-oy=x2>oy=(-2)2> y=4->(-24) . '

X=2-y= x2—>y= (2)2—>y=4—>(2,4)

Example: Graph the function y =|x|
X, x =10
=9 0 T
Sol: Yo X =

when y=x

weput x=0-oy=x->y=0 - (0,0) y = x|
x=1-y=x-> y=1-(11) 2

x=2->y=x - y=2-(2,2)

and when y = —x

x=—1-y=—x-y=1->(-1,1)

X=—2->y=—x->y=2-(-22)

23



Example: Sketch the graph for the function

—X, x <10
flx) = x2, 0=x=1
1, x =1
Sol:
when y=—x

weput x=0- y=—-x->y=0 - (0,0)

x=—1-y=—x->y=1-(-11)

XxX=—2->y=—x->y=1-(-2,2)

when y = x?

x=0->y=x2->y=0 - (0,0)

and when y =1

x=1-y=1-(11)
x=2-y=1-(21)

Even Functions and Odd Functions (Symmetry):

The graphs of even and odd functions have characteristic symmetry properties.

Definition: A function y = f(x) is an:

-Even function of x if f(—x) = f(x)
-Odd function of x if f(—x) = — f(x)

24



Example: f(x) = x? Even function: (—x)? = x? forall x;

symmetry about y — axis.

f(x) = x?+1 Evenfunction: (—x)? +1 =x%2+1 for all x;

symmetry about y — axis.

fx)=x 0dd function (—x) = —x for all x;

25



symmetry about the origin.
f(x)=x+1 Not odd: f(—x) =—x+1,

but — f(x) = —x — 1. The two are not equal.

Not even: (—x) + 1 # x + 1forall x + 0

Limit and Continuity:

When f (x) close to the number L as x close to the number a, we write
f(x)>L as x— a means: gci_l)lgf(x) =1L

Example: Let f (x) = 2x + 5 evaluate f (x) atx =1

Sol:

limf(x) =lim (2x+5) =2x1+5=7
x—-a x—-1

Example: If f(0) = 22y 2, find lim £ ().
- lin
Sol:
x2-3x+2

)= limE2ED — im(x—1)=2-1=1

}cllrzlf(x) - }clzg( xX—2 x—2 xX—2 x—2

Example: Evaluate the following limits if they exist.

V2+x—1

1) xlm

i1 ,x = =1, x # =2

26



Sol:

V2+x-1 V2+x+1 . 2+x—-1
1m * = 11Im ———=
xo>—1 x+1 V2+x+1  x—o-—1x+1(V2+x+1)
x+1 . 1 . 1 1

xllml x+1(V2+x+1) lerP1 (Vzrx+l)  (V2-i+1) 2

=
2) J161_r>r21 _m ,x#+2,x=>0
Sol:
. 2-x | 2+V2x . 2—x(2+V2x)
lim = lim————~

* =
x—2 2—V2x 2+ 2x x—2 4—-2x

C2-x(2+V2x)  (24++2x)  (2+V2+x2) _
-y  ~im=—= 2 -

The Limit Laws:

If L, M, C,and k are real numbers and L1m f(x) =L and Limg(x) =

X—C

1. SumRule: Lim (f(x) + g(x)) =L+ M
X—>C
2. Difference Rule: Lim (f(x) —g(x))=L—M
X—C
3. Constant Multiple Rule: Lim k. f(x) =
X—C

4. Product Rule: lim (f(x).g(x)) =L.M
X—C

5. Quotient Rule: lim & % M #0

x—c g(x)

6. Power Rule: lim [f(x)]" =
X—C

27



7. Root Rule: }Cl_r)rg \/f(x) = YL , nis apositive integer.

Example: Evaluate the following limits

3_
1) IimE=2 x =1
x->1 x—1
Sol:
x3 -1 x—1Dx*+x+1
lim =1im( ) )=limx2+x+1=12+1+1=3
x-1 x—1 x—1 x—1 x—1

2) lim=(——2),h#0

h-0h ~x+h X

Sol:
Y 1 1 1 _ 1 x—x—h _ 1 —h
;lglo[h(x+h X I= hl—%[h(x(x+h) )= hlgl)[h(x(x+h)]

T SR S
hl—I}(l)x(X-Fh)_ x(x+0)  x2

4.2 lim(x*+x%2-1 4,2
x+x—1_x_,c( )_c+c—1

3) lim

xoc X2+5 }Ci_rg(x2+5) T 245
4) lim Vax? =3 = \/ lim (422 - 3) = 4= (-2)2 =3 =16 -3 = VI3
x—>— x——

Limits of infinity:

28



We note when the limit of a function f(x) exist and x approach at infinity, we

write:
lim f(x) =1L For positive values of x.
X—00
lim f(x)=1L For negative values of x.
X——00

Some obvious limits:

1- If kis constant, then limk =k

X— 00
. 1 . 1 1

2- lim=- =0, lim - ===0
xXx—>00 X X—>—00 X o

1
3- lim-= o
x—->0X

Example: Find the following limits

. X . 1 1 1
1- lim =lim — =—=-
x—00 2X+3 X— 00 2+; 240 2
3,5
. 2x%43x+5 .2tz 2
2- lim ——— = lim —/—% ==
x—o0o 5x“—4x+1 X—00 5——+— 5
X x2
2,1
. 2x%+1 ) ~+=
3- lim ———; = lim ——5%—=0
X—00 3x4—2x“+4+5x—-2 X—00 3__+_2__3
X X X
2 1
. 2x%2+1 . ~—t—=
4- lim 2_oy2 = lim ——=%—=0
X—00 3x4—2x%+5x—-2 x—00 3—4 -
x xZ x3
Vx2+41)+x x2+1-x2
5- lim [(Vx2+1 —x*(—=lim—
X—00 [( ) (Vx2+1)+x] x—00 (Vx2+1)+x
1
1 J;

li _ =0
o (V2T 1) +x (Vait1)+x

29



Continuous Function:

A function f(x) is continuous at an interior point x = ¢ of its domain if and

only if it meets the following three conditions.

1- f(c) is exists.

2- lim f(x) = exists.
X—C
3-limf(c)=c
X—C
Example:

1) f(x) = i Is not continuous for all except x = 0

x+3

2) f(x) = oD is dicontiunuosat x =5 and x = —2
3) f(x) = Sizx is dicontiunuosat x =0

24 90—
4) f(x) = xx:: is dicontiunuos at x = +2

30



HOMEWORK

1- Solve the inequalities
a) |x+3|<6 b) 7> |2x + 3|
2-Graph the following functions

a) y=x+1 ,-1<x<1
b) x2+ y =2

c)y=1—x* 0<x<3

3-Find the limits

. . 3m+4-2
a) lim 5 b) lim
x—>—2 m—-0 m-—1
. AJy+1-2y . 2x* —x?%+3
C)lim *~*——— d) lim ———
y-1 ye=y X—00 xX+x

4- Write an equation for each line described by:

a- Passes through (-1,1) with slope -1
b- Passes through (2,5) and (-1,2).

5- Find the slope of the curve and the tangent line of y = 2x — x? —
3 at(0,2).
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Chapter Three

Differentiation

J

Definition:

The derivative of a function f(x) with respect to the variable x is the function

£ (x) whose value at x is:

. f(xo +h) = f(x0)

f(xo) = }gf(} A

Provided this limit exists.

Differentiation Rules:

1-Derivative of a constant function.

If y=f(x)=c where cis constant then,

dy_, B
a—f(x)—o

Example: f(x) =1 then Z—z =f(x)=0

Example: f(x) =25 then Z—i’ =f(x)=0
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2-Power rule for positive integers:

If n is a positive integer, and y = f(x) = x™ ;then

. dy I
fx)=—~=nx
d

Example: y = f(x) = x3 then f(x) = % = 3 x?

Example: y = f(x) = x® then f(x) = Z—z =8x’

3-Derivative constant multiple rule:

If u is a differentiable function of X f(x) = c u(x), and c is a constant, then
2 = o) = ci
Ix f(x) = cu(x)

Example: f(x) = 5x7 then % =5%7x%=35x°

Example: f(x) = 2x* then % =2*4x3=8x3

4-Derivative Product rule:

If u and v are differentiable at x, then so is their product uv, and

Example: Find the derivative of y = (x2). (x3)
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Sol:

Z—i’ = (x2).3x%2 + (x3).(2x)
Example: Find the derivative of y = (x? + 8x)(x3 — 1)
Sol:

Z—z = (x?+8x).3x2+ (x> —1).(2x + 8)
5-Derivative quotient rule:

If u and v are differentiable at x and if v(x) # 0, then the quotient% IS

differentiable at x, and

du dv
da (E) _Vax ~ Ydx
dx \v v2
2
Example: Find the derivative of y = =
X
Sol:
dy _ (x3).(2x)—(x?).3x% _ 2x*—3x*
dx (x3)? o x6
_+2
Example: Find the derivative of y = =

Sol:

i(i) _(t+4).(1-20)-(t-tH)1  (t+4)(1-28)—(t—t?)]
dx \t+4/) (t+4)2 o (t+4)2

Second and Higher- Order Derivatives:
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If f(x) is agiven function then

d ,

d_icl = f(x) is first derivaive of y .
dzy A ] ..

—= = f(x) is second derivaive of y .

d3 (oo, . .
d—xj; = f(x)is third derivative of y. And so on...

Then, in general:

dny_ n — n
@—f x)=y
: = (x2 2 fing® a’y
Example: If y = (x* +2x+ 3)* ,find ™ and o
Sol:
dy , 2
— =Y =2.(x*+2x+3)(2x + 2)
Z%:2[(x2+2x+3).2+(2x+2).(2x+2)]
L = 4(x2 + 20 +3) +2(2x +2)?
d?y d3y d*y

Example: If y =2x3 —4x? 4+ 6x —5 ,findZ—i’ and —,—,—

dx?’ dx3’ dx*

Sol:

L~ 6x2—8x+6
dx

2
2V _12x-8
dx?
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3
4y _ 17

dx3

d*y
dx*

Chain rule:
If yisafunctionof x,say y = f(x), and x is a function of t, say x = g(t) theny
Is a function of t :

dy dy dx

dt — dx dt
This formula is called chain rule.
Example: If y =x3 — x2+5and x = 2t* + t,find% att = 1.
Sol:
dy _dy dx _ (3,2 _
== (Bx* —2x)(4t+ 1)
att=1->x=2)12+1=3
Z—f=(3*32—2*3)(4*1+1)=105
Implicit Differentiation:

Most of the functions we have dealt with so far have been described by an
equation of the form y = f(x) that expressesy explicitly in terms of the
variable x. We have learned rules for differentiating functions defined in this way.

Another situation occurs when we encounter equations like
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y2—x2=0,93+8x=3, yx+4y—-6=0

Definition:

1. Differentiate both sides of the equation with respect to X, treating y as a

differentiable function of x.

2. Collect the terms with dy / dx on one side of the equation and solve for

dy / dx.
Example: Find Z—z for the equation y? + x3 —9xy =0
Sol:
2yZ—Z+3x2—(9xZ—z+9y) =02y +3x2—9xZ -9y =0
2yZ—i—9xZ—z=9y—3x2 —>Z—z(2y—9x) = 9y — 3x?

dy _ 9y-3x2

dx 2y—9x

Example: Use implicit differentiation to find dy/ dx for the equations

L_y2:=f:l

x+1

2- xcos (2x+3) = ysinx

Sol:
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Sol:

5 dy (x+1).1—(x—1).1_x+1—x+1_ 2
Ydx ~ (x — 1)2 T —1)2  (x—1)
dy 2 1

dx  2y(x—1)2  y(x—1)2

2- xcos (2x + 3) = ysinx

Sol:

—xsin(2x+3).2+4+cos (2x+3).1= ycosx+2—zsinx

d
—2xsin(2x + 3) + cos(2x + 3) = ycosx + d—i]sinx

d
—2xsin(2x + 3) + cos(2x + 3) —ycosx = d—zsinx

dy —2xsin(2x + 3) + cos(2x + 3) —y cosx
dx sin x

Application of Differentiation:
a) Partial Derivatives:

The partial derivative of f(x,y) with respect to x at the point (x., y-) is:

of . d ( ) =
ox (xo‘yo)_dxfx,yo _fx

The partial derivative of f(x,y) with respect to y at the point (x., y.) is:
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of
ady

d f(x,y)=f
= — X ,y) =
oy BV g

Example: Find the values of g—i and:—f] at the point (2,—-1)if

flx,y) =x*+3xy+y—1
Sol:

0 : : :
}; , We treat y as a constant and differentiate with respect to x,

To find PP

of
ﬂ=2x+3y+0—0=2x+3y

The values Ofg_}; atthe point (2,-1)is: 2*2+3+x—-1=1

. 0 i . :
To find % , We treat x as a constant and differentiate with respect to y,
af
—=04+3x+1-0=3x+1
dy

The values of:—}; at the point (2,-1)is: 3*2+1=7

Example: Find the values of ;—]; if f(x,y) = ysin(xy)

Sol:
of | -
W =y x Cos(xy) * X + sm(xy) *1=xy COS(xy) + sin (xy)
. of of . _ 2y
Example: Find the values of -~and -~ if f(x,y) = ——

Sol:
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of (y+cosx)*0—[2y(0—sinx)]  2ysinx

dx (y + cosx) ? ~ (y + cosx) 2
of _ (ytcosx)*2—[2y(1+0)] _ 2(y+cosx)—2y
dy (y+cosx) 2 " (y+cosx) 2

b) Indeterminate Forms and Hopital’s Rule:
Suppose that f(a) = g(a) = 0 , that f(a), g(a) exist, and that g(a) # 0

Then;

[ _f@
20 g(x) 5@

Example: Using Hospital’s Rule and find the following:

3x—sinx 3—cos x

1) lim = | =2
x—0 x 1 x=0
_ 1
2y nm X riTl_2vxr1) 1
x—0 X 1 2
x=0
3 1 x—2 1 1
) M 2= 2, T3
: x*-1  _ 3x? _ 3
4) il_rfll 4x3-x-3  12x2-1l,—7 11

Transcendental Function:

1-Trigonometric function:
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1- If y = f(x) = sinx then Z—zz COS X

2- Ify = f(x) = cosx then Z—zz —sin x

dy

3- Ify = f(x) = tanx then — = sec? x

4- If y = f(x) = cotx then % = —csc?x

5- If y = f(x) = secx then Z—z = secxtanx
6- Ify = f(x) = cscx then 3—2: = —cscx cotx

Now if u is a function of x then:

. a du
1- If y = sinu then =% = cosu —
du dx
a . du
2- If y = cosu then = = —sinu —
du dx
a du
3- If y = tanu then =% = sec?u —
du dx
d du
4- If y = cotu then = = —csc?u—
du dx

5- If y = secu then L — secutanu
du dx

6- If y = cscu then L — _cscucotu
du dx

Example: Find % of the following functions
(1)y = sin(x? + 2x — 5)
Sol:
Z—z= cos(x? +2x —5).2x + 2 = (2x + 2) cos(x? + 2x — 5)

(2)y = tan (2x) cos(x? + 1)
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Sol:

Z—z = —tan (2x) sin (x* + 1).2x + cos(x? + 1) sec?(2x) .2
Z—i’ = —2x tan (2x) sin (x? + 1). +2 cos(x? + 1) sec?(2x)

(3)y = sin? (x2 + xiz)
o Zsin(x2 +xiz).cos(x2 +xiz).(2x—i)

dx x3

(4)y = tan™3(3x? + sec? 2x)

Z—i = —3 tan"*(3x?% + sec? 2x) .sec?(3x?% + sec? 2x) . (6x +

2sec2x.sec2xtan2x.2)

sec [sin(2x+1)]
tan(x3+1)

By =

dy _ tan(x3+1)sec[sin(2x+1)] tan[sin(2x+1)].cos(2x+1).2—sec[sin(2x+1)].sec?(x3+1).3x?2
dx [tan(x3+1)]?

Example: If y = tan—3(sin 2x), find Z—z

Sol:

Z—z = —3 tan"*(sin 2x). sec?(sin 2x).cos 2x .2 =

6 sec?(sin 2x) cos 2x

tan#(sin 2x)

Inverse of trigonometric function:

Definition: If y = f(x)and% =y ;then:
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(1)y =sin"'x - x =siny
(2)y =cos™lx - x=cosy
(B)y =tan"lx - x =tany
(4)y = cot™lx - x =coty
(B)y =seclx > x =secy

(6)y =csclx »x =cscy

Derivative of the inverse trigonometric function:

(1)y =sin"'x —>3’/=ﬁ
(Qy=coslx »y= \/%xz
R)y=tan"lx -y = 1+1x2
(4)y =cot™lx -y = 1;12
(B)y =sec”lx »y= - x12—1
(6)y = csc™hx - = ——=

Example: Find Z—i of the follwing functions:

Sol:

1)y =sin"1(x?2+3x—1)

dy 2x+3

dx  J1-(x2+3x—1)2

2)y = x2tan"1(v/x)

@v_,2 1 1 -1
=X\ .=+ 2x tan (Vx)

3) y = cos 1(x? + tan"1 3x)
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3
ay _ -1 (Zx + 3 ) — —(2x+1+9x2)
dx  J1- (x2+tan~13x)2 " 1+9x2 J1-(x2+tan—13x)2

4) y = sin*(sec™! 2x) COt_l(i)

ay _ . 2 -1
. = sin (sec™ 2x).

1 -1 11, 1 _1 2
1+(1)2 .— T cot x.2 sin(sec™" 2x). cos (sec Zx).—me

X

Example: If y = sin‘l(E) find Z—z

Sol:
d_y _ 1 (x+1).1—-(x—-1).1 _ x+1-x+1 _ 2
dx 1_(%)2 (x+1)2 Jl—(z—;i)z(x“‘l)z Jl—(fc—:)z(x+1)2

2
Example: If y =sin™'t ,x =cos™1t, find dy dy

dx’ dx?
Sol:
dy 1
=1 —
=sin "t & —=
y dt 1-t2
—_ dx -1
x=cos 1t —=
dt 1-t2

1
dy _dy/dt _ i _

= = 1= = -1
dx dx/dt

1-t2
d?y
dx?
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The Logarithmic function:
The logarithmic was discovered by Noble man John Napier (1550-1617)
y =f(x) =logyx > x = b¥
Where y is the logarithm, x is the number, b is the base.
If b=10,wewritey =logx or y =Ilogx
If b=e=2.7183,we write
y=log,x or logx=y —»y=lInx

Where (In) is read natural logarithm.

Relation between the logarithm and the natural logarithm:

Lety =logy,x > x=bY »Inx=1InbY =ylnb

= nx so logyx = 2%
" Inb EbX = \1p
Properties:

- In(a.b) =Ilna+Inb
- ln(g) =Ilna—-Inb

- In1=0 ,Ina"=rlna
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Derivative of the natural logarithm:

If y=fG) =Inx then: 2= f(x) =~
fy=f@)=Inx then:  ——=f(x)=—

Example: Find % of the following functions:

1- y =1In(x3 + 2x2 — 1)
Sol:

dy 1
dx x3+2x2-1

.(3x% + 4x)
2- y =In(x"% + sin? 3x)
Sol:
@av__ 1 _9.-3 :
= o 2x7° + 2sin(3x) cos(3x) .3
3- y =sin"1(Inx) .In(sin" ! 3x)

Sol:

1 1
+ In(sin™ 1 3x). =

1 3
sin~13x" /1 — (3x)2 1— (Inx)?2

é = sin"!(In x).
4- y = In[In(sec? 2x + x sin™1 x)]
Sol:

dy 1
dx In(sec?2x + xsin~1x) "sec?2x + xsin~1x

.2 sec(2x) (sec(2x) tan(2x).2)

X

+ +sin"1x

1—x2
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Example: Find Z—z for the following:
1) y = x COSX
Sol: Take In for both sides

y = x€OSX lny = InxCosx

Iny =cosxInx

1dy cosx
- = —sinxInx
ydx
dy [cosx ol ]_ cosx (COSX |
Iz Y sinxlnx|=x [ sinx In x]
2)y = (Inx)*
Sol:
Iny = In[(Inx)*] = In [xInx]
ldy 1 1 _Inx+1
;E_XIDX '(x'x_l_lnx) " xlnx
dy Inx +1 Inx +1
So— = — 1 X
dx y[xlnx ] (Inx) [xlnx

Example: Solve for x if 2% = 4*71

Sol:
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Take In for both sides

In(2%) = In(4*™ 1)
xIn2=(x—-1)In4=xIn4 —1In4
xIn2—-xIn4 = —-In4

—In4

x(ln2—1n4) =—ln4 - X=m

The Exponential function:

Definition: the exponential function is defined as an inverse of natural logarithm,

and denoted by: exp or e, thatis:

For —oo <x <o wedefine y=f(x)=e*
then x=Iny 0<y<o
Properties:

1- e =2.7183
2- eXtV = eX ¥
3-e¥ VYV =eX eV

4- eln* = x

Example: Simplify the following expressions.

1- eln2 — 2

2- Ines"* = sin x

3- eIn(¥*+1) — 42 4 1
4- Ine 13 =-1.3
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er

5- ln?=lne2x—1n5 =2x —1In5

3
6- eln2+31nx — elnz.e3lnx — 2.€1nx =2 x3

7- er+1nx — er.elnx = x er

Example: Solve fory if: In(y—1) —Iny = 2x

Sol:

In(y—1) —lny = 2x - 1ny7‘1 = 2x (Take exp for both sides)

y(l—ezx) =1 -5y = 1 —oox

Derivative of the exponential function:

y
If y=e* then —>=e*
y e en dx e

Now, if u =u(x) theny=e“

du du
 — et
dx dx
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Example: Find % of the following functions.
1- y = pX’+sin2x

dy

pe eX +sin2x (2 4 2 cos2x)

2-y = e(tan_1 2x)+Inx

ﬂ — e(tan‘1 2x)+Inx ( 2x + 1)

dx 1+4x%2 x
3- y =tan"1(e?)

d_y _ 1 2x _ 2 er

dx  14+e4x? e*h.2 = 1+e4x?

4- y = e3%“* . sece”

dy

T e3®* (sece*tane”.e*) + sece*.e®*“*. (secx tan x)
X

The Function a*:

Definition: for a > 0, we define a* = e*"¢@

If y = a* then

d
d—i,= a*lna
Now if u =u(x) theny =a*
dy . du
a a .lnad—
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Example: Find % of the following functions.

1- y = zsin2 2x
dy ) .
= 281" 2% In 2 (2 sin 2x cos 2x .2)
9. y = 3tan‘1 2x
d}’ -1 2
— = 3tan 2x 1 3—
T R

2-Hyperbolic functions:

The hyperbolic functions are a special combinations of the functions e* and e™*.

Definitions:

1- sinhx = 2

eX+e >
2- coshx = >
sinh x eX—e™*
3- tanhx =
coshx eX+e™X
Xte™™ 1
4- cothx = =
eX—e™X tanh x
5- cschx = =2
" sinhx eX*—e~X
2
6- sechx =

coshx eX+e™X

Some important relations and identities:
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1) cosh?x —sinh?x =1

2) tanh?x + coth?x = 1

3) coth?x —csch?x =1

4) sinh(—x) = —sinhx

5) coth(—x) = cothx

6) tanh(—x) = —tanhx

7) sinhx + coshx = +e**

8) sinh(x £+ y) = sinh y cosh x *+ sinh x coshy
9) cosh(x + y) = coshx coshy + sinhxsinhy
10) sinh 2x = 2 sinh xcosh x

cosh(2x)-1

11)sinh?x = .

cosh(2x)+1

12)cosh?x = .

Derivative of hyperbolic functions:
— i ay _
1) y =sinhx — = cosh x
— ay _
2) y = coshx — = sinh x

3) y = tanhx — 2 = sech?x

dx
4) y = cothx —>Z—z= —csch?x
5) y =sechx —>Z—z= —sech x tanh x
6) y = cschx —>Z—z= —cschx cothx

Example: Find Z—i’ of the following functions.
1) y = sinh (x? + 3sinx + Inx)
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dy _ 1
T cosh(x? + 3sinx + Inx).(2x + 3cosx + ;)

2) y = tanh™2(etanh ™" 2x 4 gjn o2¥)

d - _
d—y = —2 tanh™3(e®nh ™' 2x 4 gip ¢ 2¥) sech?(etan” 2
x

. -1
+ sine?*).etn Zx.(

+ cose?* ., (e%*.2)
1+ 4x?

Inverse of hyperbolic function:

1) y =sinh™'x - x =sinhy
2) y =cosh™tx - x = coshy
3) y=tanh™'x - x = tanhy
4) y = coth™tx » x = cothy
5) y =sech™tx - x = sechy

6) y =csch™lx - x =cschy

Derivative of inverse of hyperbolic function:

1) y=sinh‘1x—>z—z=\/1J1r7
2) y=cosh‘1x—>3—i’=\/%
3) y=tanh‘1x—>2—z= 1_1x2
4) y = coth‘ler—i= 1_1x2
dy -1

5 vy =sech™lx » ==
) y dx xV1—x2

— dy -1
6) y=csch™lx - ==
) y dx xV1+x2
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Example: Find % to the following function: y = sinh™(x? + sin? x)

Sol:

dy  2x+2sinxcosx
dx 1+ (x2+sin2 x) 2

HOMEWORK

1) Find the first and second derivatives:
a- y= z%—7z%+ 21z
b- y =x3 —4x
c- y = 3sin®x
2) Simplify the expression:

a- 610g(eSiHX)
b- log, 5x

3
c-log, e*
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d- 8log8x

3) Solve the equations:

a-lne + 2721982 = Jog, 9

c- 410g4x2 — plnx 4 3logz2
. dy

4) Find ot

a- 2e%Y = Inx?

b- y = (Inx + x)tnx

d- y =Inxe"

Chapter Four

Integration

)

Indefinite Integrals:

Definition: The set of all antiderivatives of f is the indefinite integral of f with

respect to x, denoted by:

Jf(x) dx =F(x) +c
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The symbol [ is an integral sign. The function is f the integrand of the integral,

and x is the variable of integration and c is the constant of integral.

Some integration formulas:

1) fZ—:de =ulx)+c
2) [au(x)dx =a [ u(x) ,ais constant.

3) [Tug(x) +uy(x) + -+ ldx = [uy(x)dx + [ u,(x)dx + ...

n+1

n du _u
4) Ju"— dx =

+c ,n#-1

n+1

Example: Evaluate the integral [(4x? + 2x — 1) dx
Sol:

[(4x?* +2x—Ddx =4 [x*dx+2 [xdx — [ dx
x3  2x? 4
=4?+7—x+c=§x3+x2—5x+c

Example: Evaluate the integral [(4x — x%)? (4 — 2x)dx

Sol:

_ (4x—x2)3

[(4x — x*)* dx +c=§(4x—x2)3+c

Definite Integral:

The integral f: f(x) dx is called the definite integral of f(x) over the interval
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[a, b].

The function is the integrand,

Upper limit of integration ;
._\_\_\_\_---- _Ir'f
- b / x is the variable of integration.
.r"r /’
Integral sign - f ( ) I s
N . When you find the value
Lower limit of integration x_ W, Y

~ _of the integral, you have

Integral of f from a to b " evaluated the integral.

Properties of definite integrals:
If f(x) isacontinuous function on [a, b] then:

D) [, fe)dx =~ J) f(x) dx
2) [ dxdx=0

3) f: kf(x)dx =k fff(x) dx , k = conatant.
4) f:[ﬁ(x) + f2(x) + f3(x) + -+ Jdx = f:fl dx + f:fz dx + fff3 dx + -

5) [, f(x)dx = [{f(x)dx + [ f(x)dx, for c € [a,b].

The fundamental theorem of integral calculus:

If £(x) is continuous function on [a, b] and F(x) is any solution of f(x) over [a,
b], then:
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b
| 100 dx = FGols = Fb) - F@)

Example: Evaluate f_23(6 —x—x%)dx

Sol:

2 2 _ x? %32
Jo,(6—x—x ydx = 6x ———=

-2, - (t2-3-9 - (0-3+9) - 2

-3
Example: If f(x) is a continuous, show that: folf(x) dx = folf(l —t)dt
Sol:

letx=1—t->dx=-—dt

atx=0->t=1,x=1->t=0

[ fde= [ f(1—t).—dt =[] f(1—t)dt

Method of Integration:

a) Integration formula:

un+

1
+c ,n#-1
n+1

2) fi—u=lnu+c

1) [u™du =

3) [e'du= e*+c

u gy = &
4) [atdu=—+c
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5) [sinudu = —cosu +c

6) [cosudu =sinu+c

7) [sec’udu =tanu+c

8) [csc*udu =—cotu+c
9) [sinhudu = coshu +¢
10) [ coshu du = sinhu + ¢
11) [ sech? u du = tanhu + ¢
12) [ csch®? udu = —cothu + ¢

13) [secutanudu = secu + ¢

14) [ cscucotudu = —cscu + ¢
Examples:
1) foznsinxdx = —cosx|§™ = —(cos2m —cos0) =—(1—-1) =0

2) [ sec2xtan2xdx = %sec(Zx) +c

%3

3) [5% 15x%dx = S+

5
ns5

4) 4 [ csch?(4x)dx = —coth4x + ¢

b) Integration substitution:

If u = g(x) is a differentiable function whose range is an interval [ and f is

continuous on |, then

I = f Flg@)] §(x)dx
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» The steps to evaluate the integral is:
1- Substitute u = g(x)and du = g(x) to obtain the integral [ f(u) du

2- Integrate with respect to u.

3- Replace u by g(x) in the result.

Example: Using Substitution to find [ cos (76 + 5) d6

Sol:

letu=70+5->du=7de .-.d9=§du

[ cos(760 +5)do = fcosu*% du =% [ cosudu

1 1
= 7sinu +c= 7sin(79 +5)+¢c

Example: Using Substitution to find [ x* sin(x3) dx

Sol:

let u = x3 - du = 3x%dx oodx = %du
3x

[ x?sin (x3)dx = [ sin(u) * gdu = § [ sin(u) du

= —gcos(u) +c = ?cos(x3) +c

, T : 2zd
Example: Using Substitution to find 3f j Zl
ze+
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Sol:

letu=2z>+1->du=2zdz

J2zdz
VzZ+1

fd—u=fu_§ du = +c=§u2/3+c=5(22+1)§+c
3u 2 2

<
UJINl IS

c) Certain power of trigonometric and hyperbolic integrals:
1- [sin™ucos"udu or [sinh™ucosh™u du
2- [tan™usec"udu or [tanh™usech™udu

3- [cot™ucsc"udu or [ coth™ucech™udu

Under type (1) there are three cases:

Case (1): If m is odd we use the identities
sinfu=1-cos*u or sinh?u = cosh?u—1

5x = sinxsin*x and so on.

sin® x = sinx sin® x , sin
Example: Find [ sin® 2x cos? 2x dx
Sol:

[ sin® 2x cos? 2x dx = [ sin* 2x sin 2x cos? 2x dx
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= -[(sinz 2x)? sin 2x cos? 2x = f(l — cos? 2x)?% sin 2x cos? 2x
= j(l — 2 cos?2x + cos* 2x) sin2x cos? 2x dx
= f cos? 2x (sin 2x dx) — 2 J cos* 2x (sin 2x dx)

+ j cos® 2x (sin2x dx)

1cos®2x 2 cos®2x 1 cos’” 2x

=727 3 T27 5 T277 *°

1 1 1
= —gcos3 2x+gc055 2x—acos72x +c

Case (2): If n is odd we use the identities
cos’u=1-sin?u or cosh?u =1+ sinh?u
cos3u = cosucos?u, cosh®u = cosh*ucoshu and so on.

Example: Find [ sinh* 3x cosh® 3x dx

Sol:

[ sinh* 3x cosh? 3x dx = [ sinh* 3x cosh? 3x cosh 3x dx

= [ sinh* 3x (1 + sinsh?3x) cosh 3x dx =
[ (sinh* 3x cosh 3x + sinh® 3x cosh 3x)dx

1sinh®3x 1 sinh®3x
=z +z +c
3 5 3 6

Case (3): Both n and m are even, we use the identities
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sin? u =% (1 —cos2u) or cos?u =% (1 + cos 2u)

Example: Find the integral [ sin?2x cos? 2x dx

Sol:

[ sin? 2x cos? 2x dx = f[% (1 — cos 4x) * % (1 + cos 4x)] dx

= if(l — cos? 4x)dx = % [[ dx — [ cos? 4x]dx

=ﬂx—%f(1+cos8x)dx] = [x—%(fdx+fcos8xdx)]

1
4

[x—f—isinSx] +c

1 1 1.
—Z[x—z(x+§sm8x)]+c— > T Te

A

» Under type (2) there are two cases:
Case (1): If nis even, we use the identities:
sec’u=1+tan’u  or sech?u =1—-tanh®u
Example: Find the integral [ sech*x tanh x dx
Sol:
[ sech*x tanhx dx = [(sech?x sech? x tanh x)dx
=[[(1 — tanh? x) sech®x tanh x]dx

= [ sech?x tanh x dx — [ sech®x tanh® x dx

= [sechx (tanh x sechx dx) — [ sech®x tanh?x tanh x dx

= [ sechx (tanh x sechx dx) — [[ sechx(1 + sech? x) sech x tanh x dx]
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= [ (sechx tanh x) sechx dx — [[ sechx (sech x tanh x dx) +

[ sech® x (sechx tanhx dx)] = — [ sech® x (sech x tanh x dx) =- sech®x

+c

Case (2): If nis odd, we use the identities:
tan?u =sec’u+1 or tanh?u=1-—sech?u
Example: Find the integral [ tan® 2x sec?® 2x dx
Sol:
[ tan3® 2x sec? 2x dx = [ tan® 2x sec 2x(tan 2x sec 2x dx)
= [ (sec?2x + 1) sec 2x(tan 2x sec 2x dx)

= [sec®2x (tan2xsec2x dx) + [ sec2x (tan2x sec2x dx)

sec*2x = 1sec?2x
4 2 2

1 1 1
= +c=§sec42x+zsec22x+c

d) Trigonometric Substitutions:

Trigonometric substitutions occur when we replace the variable of integration by a

trigonometric function. If the integral one of the forms:

a? +u? Jaz—uz ,JaZ+uz or Juz-a?
Then the substitutions as follows:
1) If Vva2—x%2 , x=asinf - a?—x? =a?cos?0

2) If Va2 +x2 , x=atanf - a’+ x? =a’sec?0
3) If Vx2—a?2 , x=asec - x?—a?=a’*tan’0
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i X a3
X Vot —a”
fl i &)
L |
A -
i Va© — x© a
X = giand X =agsmnf Y= gsect
Va® + x* = a|sec f| Va® — x* = alcos 8 V' — a® = altan @

. . dx
Example: Find [
Sol:

x=2tan6 - dx = 2sec?6 d o

tan 6 =§ -0 = tan‘l(g)

2 2
f dx ZIZSec GdG_J-ZSec 9d9=1fd9=%9+c=%tan‘1(§)+c

442 4+4tan2@ 4 sec?0 2

Example: Find f_‘/f_/z V1 —x?dx
2

Sol:

x =sinf - dx =cos0 do

-1 . 1 T
at x =— > sinf=—=- -0=—-
2 2 6

= 2 Ssing= 2 -59=-C
\/z \/2 3

f_‘/f_/z V1—x2dx = [*V1—sin2@cosf df = [*.cos® 0 db
2 6 6
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§1+c0529 1 1. g _
f—% do = fn(1+c0520) do == [ . %]_
1[m 1\/_+7T+1\/§_1n \/_ 1m+3 w43
213 22 6 2 2 2 T4

VZ=7

Sol:
x =+7sech — secH—W, 6=sec‘1%
dx =+/7 secOtanf db
\/— —f Lsec 9~ L \7 sec tan@df =

f\/7(sec26 —1)tan6d6 = [V7tan? 6 df
=+/7 [(sec?8 —1)dO =7 [tanf — 6] + ¢

= v/7[tan (sec‘1 L) —sec™?!

ad = L VxZ2=7 —gec X
= \/—7]+c—\/7[\/7 x?—7 —sec ﬁ]+c

e) Integration by part:

fudv:u.v—Jvdu

Where u and v are two different functions with respect to x.
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Example: Find [ In x dx

Sol:
u=Inx —>du=%dx

dv=dx »v=x

1
JInxdx =xInx - [x.—dx=xlnx—[dx=xlnx—x+c

Example: Find [ tan™! x dx

Sol:

dx
x2+1

u=tan lx »du=

dv=dx »v=x

[Intan"'xdx =xtan"tx— [ dx = xtan 1 x —%ln(x2 +1)+c

x
xZ+1

Example: Find [ xInx dx

Sol:
u=Inx —>du=idx

1
dv = x dx —>v=5x2

fxlnxdxz%lenx—%fx dx

ey 1fd—12l 2y
—2x nx 5 .XX—ZX nx 4x c
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Example: Find [ x e* dx
Sol:

u=x-du=dx

[xeXdx=xe*— [eX*dx =xe*—e*+¢
Example: Find [ x% e* dx
Sol:

u=x%-du=2xdx

[x?eXdx=x?e*—[2xe*dx =1

L =[2xe*dx

u=2x -»du=2dx

I, =2xe*—2[ e¥dx=2xe*—2e*+c¢

I=[x*e*dx=x%e*—(2xe*—2e*+c)=x%e*—2xe*+2e*+c

f) Tabular Integration:
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We have seen that integrals of the form [ g(x) f(x)dx in which f can be
differentiated repeatedly to become zero and g can be integrated repeatedly

without difficulty, are natural candidates for integration by parts.
Example: Find the integral [ x? e* dx
Sol:

let x? = f(x), g(x) =e*

f&) g(x)
x? + e*
Zx\ e*
2 +\» e*
0 \ e

I=[x*e*dx =x?e*—2xe* +2e*+¢

Example: Find the integral [(x® — 2x% 4+ 3x + 1) sin 2x dx
Sol:

(x)=x3—-2x2+3x+1, g(x) =sin 2x
9
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[ 9(x)

+
\—%COSZX
6x — 4 +\A —%sian

6 \ %cost

1 .
0 —sin 2x
16

x3—2x*+3x+1 sin 2x

3x% —4x + 3

[(x3 —2x%4+3x+ 1)sin2xdx = (x3 — 2x% +3x + 1) (—%COSZX) +

i (3x% — 4x + 3)(sin 2x) + é (6x — 4)(cos 2x) — %sin 2x + ¢

g)Integration of Rotational Functions:

Success in writing a rational function % as a sum of partial fractions

depends on two things:

e The degree of f(x) must be less than the degree of g(x). That is, the fraction
must be proper. If it isn’t, divide f(x) by g(x) and work with the remainder
term.

e \We must know the factors of g(x). In theory, any polynomial with real
coefficients can be written as a product of real linear factors and real

quadratic factors. In practice, the factors may be hard to find.
Method of Partial Fractions [f(x) / g(x)]:
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1- Let x —r be alinear factor of g(x). Suppose that (x — )™ is the highest
power of x — r that divides g(x). Then, to this factor, assign the sum of the

m partial fractions:
A A A
1 + 2 4oy "M
x—r (x—r)? (x—7r)m

2- Let x%2 + px + g be aquadratic factor of g(x). Suppose that

(x? 4+ px + q)™ s the highest power of this factor that divides g(x). Then,

to this factor, assign the sum of the n partial fractions

By x+(C; 4 B,x + C, - B,x + C,
x2+px+q (x?+px+q)? (x2+px + @)™

3- Set the original fraction f(x) /g(x) equal to the sum of all these partial
fractions. Clear the resulting equation of fractions and arrange the terms in
decreasing powers of x.

4- Equate the coefficients of corresponding powers of x and solve the resulting
equations for the undetermined coefficients.

Where 4, B, C are constants and must be found.

x%+4x+1 X
(x—1)(x+1)(x+3)

Example: Find [

Sol:

x2+4x+1 A B C _ Ax+1)(x+3)+B(x—1)(x+3)+C(x—1)(x+1)
(x—1)(x+1)(x+3)  (x=1)  (x+1) (x+3) (x—1)(x+1)(x+3)

A(x2+3x+x+3)+B(x2+3x-x-3)+C(x%+x—x—-1) _ A(x*+4x+3)+B(x?+2x-3)+C(x%-1)
(x—1)(x+1)(x+3) - (x—1)(x+1)(x+3)

Ax?+4Ax+3A+Bx?+2Bx—3B+Cx*—C _ x?(A+B+C)+x(4A+2B)+3A-3B—C
(x—1)(x+1)(x+3) o (x—1)(x+1)(x+3)

x?+4x+1=x*(A+B+C)+x(4A+2B)+34A—-3B—-C

71



x?=x*(A+B+C)->A+B+C=1 ...(1)
4x = x(4A+ 2B) - 4A + 2B = 4 )
1=34A-3B—-C—-34-3B—-C=1 ...(3)
A+B¥K;1 . (1)
34—3B—-C=1 ...(3)

44 —2B =2 e (D)

We can solve equation (2) with (4) to obtain the value of A

44 +2B = 4 i (2)
4A — 2B =2 e (4)
8A=6 —A=2=23

8 4

subsitute the value of A in equation (2) we obtian

4x>+2B=4 -3+2B=4 >2B=4-3=1->B=-

Put the values of A and B in equation (1) or (3) to find C

A+B+C=1 ..(1) »>+-+C=1->224C=1

5+C 1-C=1 > !
- = e d = —_—_— = — -
4 4 4

Then;
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A B c_ (34 12 14
f(x—1)+(x+1)+(x+3) e tTar Gen

3 dx 1 dx 1 dx 3 1 1
fo_1+5fx+1—zfm—zln(x—1)+51n(x+1)—Zln(x+3)+c

6x+7

Example: Evaluate f(x+2)2 dx

Sol:
6x+7 A B A(x+2)+B __ Ax+2A+B
(x+2)2  x+2  (x+2)2  (x+2)2  (x+2)?

6x+7=Ax+2A+B
6x=Ax -6=4 ..(1)
7=2A+B ... (2) put the value of A in equation (2)

7=2x6+B=12+B - B=7-12=-5

B
(x+2)2

-5
(x+2)2

dx

f 6x+7
(x+2)2

dxzfx%dx+f dx=f%dx+f

d d _
6fﬁ—5f(x+z)2=6ln(x+2)—5(x+2) T+c

dx
x(x2+1)2

Example: Evaluate [

Sol:
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dx A Bx+C Dx+E

x(x2+1)2  x = (x2+1)  (x2+1)2

Multiplying by x(x? + 1)? and equate numerators we obtain:

1= A(x?*+1)?+ (Bx + O)x(x? + 1) + (Dx + E)(x)
1= A(x*+2x>+1)+ (Bx+C)(x® +x) + Dx? + Ex
1= A(x*+2x>+1)+ (Bx+C)(x® +x) + Dx?> + Ex
1= Ax*+ 2Ax> + A+ Bx* + Bx?> + Cx® + Cx + Dx? + Ex
1=x*(A+B)+x3(C)+x*(QRA+B+D)+x(C+E)+ A
0=x*(A+B) -»A+B=0 -A=-B ..(1)
0=x3(C) »C=0 ..(2)
0=x>(2A+B+D) » 2A+B+D=0 ..(3)
0=x(C+E) »> C+E=0 -C=-E ..(4

1=A - from(1l) A=—-B thenB=-1

And from (3) we find the value of D

2A4B+D=0 52+1+(-1)+D=0>2-1+D=0
1+D=0 >D=-1

And from (4) we find the value of E

C=—-E ..(4)> C=0 thenE=0

dx A Bx+C Dx+E
fx(x2+1)2 o f;dx +f(x2+1) dx +f(x2+1)2 dx

74



udu _

[-= dx+gf(21)d 4—f(2 1)zdx--
In x —Eln(x2 +1) —Elnu2 =Inx —Eln(x2 +1) —Eln(x2 + 12 +c

x2+1

Example: Find the value of A, B, and C in f(x_l)(x_z)(x_3) dx

(Assigning numerical values to x)

Sol:

C A(x—-2)(x-3)+B(x-1)(x-3)+C(x-1)(x-2)

x%+1 A B
T T (x—1)(x-2)(x-3)

(x—1)(x-2)(x-3) T x-1  x-2  x-3

x’4+1=Ax-2)(x—-3)+B(x—-1Dx—-3)+C(x—1)(x—2)
Then let x = 1,2,3 successively to find A, B, and C
x=1-(1)2+1=A1-2)(1-3)+B(0) +C(0) = A(=1) * (=2)
2=24-A4=-=1
x=2-(2)2+1=A4(0)+B2—-1)(2-3)+C(0) = B(1) * (1)
5=—-B -»B=-5

x=3-03)24+1=4(0)+B(0)+C(3B-1)(3-2)=C(2)(1)

10=20—>C=§=5

f(x 1)

dx dx _ _ B B
f(x -5/ a5t 5 g == 1) = 5In(x —2) + 5In(x - 3) +
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HOMEWORK

Find the following integrals

1 fyZ 25
2- [ sin* 2x dx
3- [(e3* +5e™™)dx

4- [ x* e* dx

dx

5 f x2+4x+3

dx
& f x(x2+1)2

f (2x —-3x+2)dx
(x-1)%(x-2)
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