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[ Second Year Mathematics Anaam A.Hmood ]

Chapter One

Vectors

\Vectors: is a quantity which has magnitude and direction such as force,

displacement and velocity quantities.

Vectors in The Plane and The Space:

- The vectors v in the plane takes the form: v = aqi + a,j

- The vectors v in the space takes the form: v = a,4i + a,j + ask
Where a4, a,, and a5 are called the vector components in the direction of i,
J, K.

Operation on Vectors:

1- Addition:
- For any vectors : A= a,;i +a,j+azk and B = bii + byj + b3k

Then’ z + E = (a1 + bl)i + (az + bz)j + (a3 + b3)k

Example: If A=2i+j+3k and B = i+9j+ 4k then
A+B=02+1)i+(1+9)j+B+4k=3i+10j+7k

2- Subtraction:

A-B = (a;— byi+ (a; — by)j + (az — by)k

5
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[ Second Year Mathematics Anaam A.Hmood ]

Example: If A=2i+j+3k and B = i+9j+ 4k then
A-B=2-1i+(1-9)j+(B-4)k=i-8j—k
3- Multiplication by scalars:

For any constant c, then

cA = (cay)i+ (cay)j+ (caz)k

Example: If A=2i + j + 3k and c= 4 then
cA =4 2i+j+3k)=8i+4j + 12k

4- Dot product of two vectors:

ZE = a1b1 + azbz + a3b3

Example: If A=2i+4j—k and B=i—2j+7k,find A.B

Sol: AB=2+1)+@*-2)+(-1%x7)=2-8—-7 =—-13

Theorem: Let 0 be the angle between the vectors A and B then;

5
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[ Second Year Mathematics Anaam A.Hmood ]

A.B = |A||B| cos @
The angle between th J .

A.B

0 = cos 1 (——
Gansy

5- Cross product:

For any vectors A and B we define cross product of them as follows:

] j k
iximfo o al =i )i ) kG )
1 2 3

Example: If A=2i+4j—k and B=i—2j+7k,find AXB

Sol:

- i k 4 -1 (2 —1 2 4
AXB= —1{ = N k
" i _42 71 (_2 7 ) ] (1 ’ ) ’ (1 _2)

AXxB=i(28—-2)—j(14+1)+k(—4—4) = 26i — 15j + Ok

Theorem: Let 0 be the angle between the vectors A and B then;
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[ Second Year

Mathematics

Ax B =|A||B|sin@ #

|4 x B| = |A||B|sin 6
|AxB|
|Al|B|

sinf@ =

The vectors between two points:

The vector between the first point p; (x4, y;, z;) to second point p, (x5, y,,2,) is

PPz = (X2 —x1)i+ (y2 — y)Jj + (22 — z1)k

Example: Find the length of the vector @ with initial point p (3, 1, 4) and
terminal point q(1, -2, 4).

Sol:
—q= (X =% )i+ (2 — y1)j + (22— z)k
pqg =a=(1-3)i+(-2-1)j+ (4-4k

a= —2i—3j + 0k

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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Anaam A.Hmood ]

—_

Example: If A = 3i —4kand B = 7j + 2k, find A+ B and 34 — 4B.
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[ Second Year Mathematics Anaam A.Hmood ]

A+B=@Bi—4k)+ (7j+2k)=3i+7j+(—4+2)k =3i+7j — 2k
34=33i—4k)=9i—12k
4B = 4(7j + 2k) = 28j + 8k

34—4B=(9i—12k)—(28j+8k)=9i—28—20k

Example: If 4 = 3i + 2j — 4k and B = i + 2j — k then find

(2) A.B if 6 =30

o]}

(1) A.

Sol:

Note: i.i=jj=kk=1

Proof:
i.i =|i|lilcos® =1.1cos0 =1

This can be appliedon j.j and k.k

But: ij=ik=jk=0
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[ Second Year Mathematics Anaam A.Hmood ]

Proof:
i.j =lil|jlcos@ =1.1cos90 =0
i.k =|i||k|cos8 =1.1cos90 =0

The vector i is normal to the vectors j and k and the vector j is normal to the

vectors k and i, and the vector k is normal to the vectors i and j.

Example:
Find the angle between the vectors A=3i+5k and B = 2i — 3j

Sol:

A.B=312) +0(-3)+5(0)=6

|A] =vV9 + 0+ 25 =+/34

|IB| =V4+0+9=+13

6

— a1
6 = cos (\/ﬁ\h_s

) =71

Not: Any two vectors be perpendicular if and only if A.B = 0 > 6 = 90°
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Example: Is A = 3i — 4j orthogonal on B where B

Example: If A =3ai+4j —kand B

N

Mathematics
—B X A,

Il
189

<<

—_

34)—4(3)=12—-12=0
A normalto B.
A
A

B, 0 =90°
B
=12a+4+3

.B
A

4
.B
0=12a+ 7

A
Note:

Sol:
Sol:
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[ Second Year Mathematics Anaam A.Hmood ]

Proof:
i xi= |i|li] sin@=1.1sin0=0
This can be appliedon j X j and k X k

IXj=k, jXk=1i kxXi=]

Example: If A=3i- 4j + k and B = j + k then find A x B.

Sol:

AxB=i(-5)—j(3)+k(3) = —5i—3j+3k

Example: Find the unit vector of the intersection A = 3i + 4j + k with

—_

B=i-3j

Sol:

I L 2 A«
AxB=|[3 4 1|=3i+j—13k
1 -3 0

IAXB|=vV9+1+ 169 = V179

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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Second Year Mathematics Anaam A.Hmood

v AXB _ 3i+j-13k
|v| |AXB]| V179

u =

Not: Any two vectors be parallel if and only if AXB=0- 60=0

Example: Proof that A parallelto B if A=-i-j-k and B=i+j+k.

IO R
AXB=[-1 -1 -1|=i(-1+1)—j(-1+1)+k(-1+1)=0
1 1 1

~AllB

10
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[ Second Year Mathematics Anaam A.Hmood ]

Homework

1- Find the vector v between the points P1(8,3,-2) and Py(5,0,7) and then find

the unit vector of it.

2- Find the vector that is perpendicular to both
A=i+j+k and B=i+j.
3-1f A—4B=2i +4k and 24— 2B =5i — 7k, find:

(a)A and B (b)A.B

(c) Angle between A and B (d) A.(A x B)
A-let A=i+j—4k,B=1i—-j+4k C = i+4k.

Which vectors, if any, are (a) perpendicular? (b) Parallel?

5
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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Chapter Two

Complex Numbers

Definition: Set of complex numbers z defined by:

z={x,iy|x,y€R,i=V-1}

Therefore: z=x+iy, i%=-1

x=realz ,y=imaginary of z

The first four powers of i establish an important pattern and should be

memorized.

Powers of i :

=
=Y

I
I
|
I
I
I

5
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[ Second Year Mathematics Anaam A.FHmood ]

Divide the exponent by 4

No remainder: answer is 1.
remainder of 1: answer is i.
remainder of 2: answer is —1.
remainder of 3:answer is —I.

Express these numbers in terms of i.

L)JS SNSTERNSN=N
VT =177 = —J-1y7 [
) 55 T
=iv3-3-11 [E3AA1

Complex Number:

A complex number z is an ordered pair of real numbers[a,b]= a + i b where

a is the real part of z and b is the imaginary part of z.

Complex Conjugate:

The complex conjugate of a complex number z = a — ib (replace i with -i

only).

*

Example: zZ-=Z =a+ib=a-—ib

5
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[ Second Year Mathematics Anaam A.FHmood ]

Properties of Complex Numbers:

Given two complex numbers

Zl=a1+b1, Zzzaz‘l‘bz ,Then

1- Equality:
zZy = zZyifandonlyif a; =a, by =b,
2- Addition and Subtraction:
z1 £ 7= (ay + iby) £ (a; + ib;) = (ay + az) T i(by + by)
3- Multiplication:
Z1.Z, = (aq +iby).(a, + iby)
= a,a, +ia;b, + a,(iby) + (ib1)(iby)
= (a1a; — b1b;) +i(aib; + azby)
4- Multiply constant by z:

Let k be a constant and z a complex number then:
k.z=k(a;+iby) = ka; +i kb,
5- Opposite complex number:
zy=aq4+iby ,z, =—a;—ib,

Z1+ Z2=(a1+ib1) +(—a1—ib1)=0+0l=0

6- Division:

Zq a1+i b]_

Zy a2+i bz

5
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[ Second Year Mathematics Anaam A.FHmood ]

Zq _ ﬂ " Z_; _ a1+i bl % az—i b2 _ (a1a2+ bl b2)+i(b1a2— a, bz)

Zy Zy Z; a2+i bz az—i b2 a§+b§

(araz+ by by)
a%+b%

z
Re {2)=

_biaz—aq by

Z1
Im {— 2. 72

7- Modulus of complex number:

If z = x + iy then the absolute of z is

lz| =Vx*+y?,  lz| = |z]|

Examples: If z =3+ 4i then:

1-1z| =V32 + 42 =425 =5
2-12-2i|=V22+22=V4+4 =8 =22
3—(2+3)+(@4+5i)=6+8i

4- 2+31=2-3i

5- Letz=5—-2i , w=3+4+1i find:

a) lz|.lwl ;lzl.|w|

1 W
b) — P ——
w ww
VA — -
c)— 1Z.Z , Z.W
w
Sol:

a) |z| = V5% +22 =29

5
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[ Second Year

Mathematics Anaam A.FHmood ]

lw|=V32 + 12 = V10

[W|=13+ 1= |3 —i]| =+/32 + (-1)2=+/10

1Z|=|z|= |5 — 21| = |5 — 2i| =/52 + (—2)2 =29
|z|. lw|= 29 .4/10 = /290
1Z] . W] = V29 .4/10 = /290

b)_1__1*3—i_ 3-1 3_i—i——1i
w3+ 3-i 32412 10 10 10

ww  G+DG—1) 3%+12 10 10 10°

w 3-i 3-i

22=05-2)5+20)=25+10i—10i + 4 = 29

zw=0B-20B8+1)=(15+51—614+2) =17 —1 =17+

Another properties of complex numbers:

1) z.Z = |z|?

2) 2] = ||
1 Z
3 7= ;

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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[ Second Year Mathematics Anaam A.FHmood ]

4) Z=1z

5) lzl.lwl = |z.wl

S

6) z+w|=2Z+

S

Nzw =72Z.

95 =)
9Re{z}=5 (z+2) , Im{z}=5. (z—2)

Graphical Representation of Complex Number:

Using the Cartesian coordinates {X,y}, the x-axis is the real axis and the y- axis

Is the imaginary axis.

Graphical Representation of z* and z:

-:I_.l

In the complex plan z = x + iy

And zZ=x-1iy Is the conjugate of z .

Polar Form of Complex Number:

We use polar coordinates(8, r) from z numbers.

e® = cosO +isin@ Polar coordinates.
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1) Multiplication low:

Example: Write —2 + 2i in polar form.

Sol:

V2 (cos
Multiplication and Division of Polar Form:

Let z;

[ Second Year
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Z,Z, = 1,(cos B, +isinf; )r,(cosB, +isinb,)

z,2, = 1y1ry[cos(0, + 0,) + isin(6; + 6,)]
2) Division low:

Zl 1"1 ..
— = — [cos(6; — 0,) + isin(6; — 0,)]
Zy Y]

3) Conjugate of z:

The conjugate of z in polar form r(cos 8 + i sin ) is:
z* =r[(cos(—0) + isin(—0)] = r(cosO —isinh)

De-Movers’ Theorem:

z" =[r(cos@ +isinf)]"

z" =r™[cos@ +isinf] "™ = r"*[cos(nh) + isin(nh)]

For example take r=1
(cos@ +isinf) ™ = cos(nb) + isin(nbh)

Example: Simplify: (1 + )™ + (1— )™

Sol:

For1+i

r=4x2+y2=+124+12=+2
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[ Second Year Mathematics Anaam A.FHmood ]

z=r1(cosf +isinf) =\/7(cos%+isin%)
~14+i= \/E(cos%+isin%)
Forl—i
r=v1+1=V2 ,9=tan‘1_T1=_%
1—i =2 [cos (~3) +isin(-Z)]
4 4
n
S+ = (\/f)n [coszn + isin%]
1+)" = 2% [cos (E) +isin(ﬂ)]
- 4 4
— o = (v2)" [cos = + isin==]"
(1-1) —(\/E) [cos4 +lsm4]
1-D"= 2% [COS (E) —isin(n—n)]
B 4 4
1+D"+ (1-0i)"=
2% [cos (%) +isin(%)] + 2§ [cos (%) —isin(%)]

= 22 [2 cosS (% )] = 2§+1 [ cosS (% )]

5
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Mathematics
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Example: Change from polar to Cartesian coordinates.

[ Second Year
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(2)polar form
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Mathematics
17m
=cosO +isinf
sin 0

el9
cos@ +isinf =

ei9+e—i9
2
cosf +isinf =

(

_2% 177‘[+_ )
wy = [cos 5 Tisin 12]

Example: Prove that
cos 6

Sol:

[ Second Year
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[ Second Year Mathematics Anaam A.FHmood ]

Homework

1) Solve the following equation for the real numbers x and y.
(3+4i)?>—2(x—iy)=x+ iy

2) Find the four forth roots of (-16)
3) Change from Cartesian to polar coordinate  x% + y? — 6x = 0
4) Find (+/3 —i)1°

5) Show that |z| = |z|

5
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[ Second Year Mathematics Anaam A.FHmood ]

Chapter Three

Multiple Integrals

If f (X) > 0 then fff (x) dx represent the area under the curve from a =

Xptob =x,_4

—]
v =flx) \\“\
> X
0 a x x x5 g Xy Xyoy b

Then the area between carves is given by the formulas:

1) A= [C[f(x) — g(x)]dx

5
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[ Second Year Mathematics Anaam A.FHmood ]

For a region bounded by y = f (x)and y = g (x) on the left and on the right

by x = aand x = b.

2) A= [[f») - g»]dy

For a region bounded by x = f (y) and x = g (y) on the left and on
therightbyy = candy = d.

.
"
v = flx) ——
. . ",,..-""
p,ui
— + |¥
a4 =Jap | I Xl 1 J
- . = > X

Ty =g

Example: Find the area betweeny = xandy = x?fromx = Otox =1

Sol:
A=f1|x—x2| dx:fl(x—xz) dx=lx2—x—31=l
0 0 2 3lg 6

Example: Calculate the area between x = y + 3,x = y? from
y=-—1toy=1.

Sol:

5
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[ Second Year Mathematics Anaam A.FHmood ]

1 1
A= jly+3—yzl dy = f(y+3—y2) dy
-1 -1

2 371
|y y 1 1) (1 1)
A= + 3y —<2+3 3 > 3+3

_(3+18—2) (3—18+2) 19 -13 _ 32
6 6 T 6 6 6

Double Integrals of Rectangles:

Suppose that f (x, y) is defined on rectangular region R defined by:

We imagine R to be covered by a network of lines parallel to the x and y axis.

These lines divide R into small pieces of area.
AA = Ax Ay

If f is continuous through R, then

ﬂf(x,y)dA or ﬂf(x,y)dxdy
R

A

Thus:
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[ Second Year Mathematics Anaam A.FHmood ]

f f(x,y)dA = ‘;jlrglOZf(x,y) dA

A
.'HI
-
d
K
A A,
L
ﬁ"k I.—-._{‘__rk }E)
Ax;
c
| oy
() il b

Properties of the Double Integral:

1) ff, kfGuy)dA =k [[, f(x,y)dA ,kis constant.

2) [, fey)dA + gl IdA = [[, f(x,y)dA £ g(x,y)dA
3) [, f(x,y)dA =0 if f(x,y)=0 onR

4 [, foy)da = [, gtxy)dA if f(xy) = g(xy).

|| remaa=[[ ranaa= (| renaa+ || rmas

R RiUR; Ry R,

5
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[ Second Year Mathematics Anaam A.FHmood ]

Fubini’s Theorem (First Form):

If f (x,y) is continuous function on the rectangular region

R={(xy)ra<x<bc<y<d}

b d d b
l f(x,y)dA = f f fx,y)dy dx = ] ] f(xy)dx dy

Example: Let f (x,y) =1 — 6x?y be a function defined on the region
R={(xy):0=<x<2-1<y<1}calculate [[, f(x y)dA.
Sol:

2 1 2
6
f F(x,y)dA = j j (1 - 6x2 y)dy dx = j -5 x?yL, dx
=—1 0

R x=0y
= [7[(1—3x%) — (-1 -3x2)]dx =2 [, dx = [2x]3
—2(2-0) =4
Example: Evaluate: fnzn fon(sinx + cosy)dx dy
Sol:

2 . 2
fnn fon(smx + cosy)dx dy = fnn[— cosx + xcos y|§ dy

5
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= fnzn[(— cosm +mcosy) — (—cos0+ 0)]dy
=fn2n(2 + mcosy)dy =[2y + msiny]”

=(4n+0)—2n+0) =27

Example: Find the volume under the plane z = 4 — x — y over the region R in

x-y plane where: R ={(x,y):0<x <2, 0<y<1}

Sol:

v=[, fy)dA=] [ (4—x—y)dydx

2

2
17 1
v=j[4y—xy—§y] dx=j(4—x—§)dx
0
0

0

0= Iy G-x)ax=fx-3+,

v=(7-2)—-0=5
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Double Integral Over Bounded Non-Rectangular Region:

Fubini’s Theorem (Second Form):

Let f (X, y) be a continuous on region R

1) If R definedby a<x<b,fi(x) <y <fo,(x) with
fi and f, on [a, b], then

|| rexyraa- jb f](x)f(x, y) dy dx
R a f1(x)

2) If R defined by ¢c<y<d,g.(x) <x<g,(x with

g, and g, on [c,d], then

[z Feyyda= [ [ f(x,y) dx dy

Example: Find the integral of the function f(x,y) = x? y over the region R,
where: R ={(x,v):2y* <x <2y, 0<y<1}

Sol:

1 2
[ feayyda=[_ [2, .x*ydxdy

3 3

1[1 2y 1
=/, [— x3y]2y2 dy = [ = (8y*—8y°) dy
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1 1
8 y> y8 8 /1 1 1
= — 4 _ N7 = | — - = |— =] =-
3f(y ) dy [5 8 | 3(5 8) 5
0

Example: Evaluate f;’i [2) e dxdy
Sol:

f01n8[ex (ey)]é_y dy — f(}HBey (e1—y _ eO)dy — [ey _ ey]%)n8
=eln8—84+1=¢eln8-7
Example: Find the volume of the solid whose base is the region in xy-plane

Bounded by the parabola y = 2 — x2 and the line y = x while the solid is
bounded by the planz = 3 — «x.

Sol:
2—x*<y<x,
y=2-x% y=x
x=2-x% -x2+x-2=0

x+2)x—1)=0-> x=1,x= -2

v=ff, feoydA= [, [2F 3 ~x) dydx

5
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RR =l

S

— |l m Zx
Tt—e | I

I oIk

Example: Find the area of the region R enclosed by the line

Sol:

[ Second Year

->x2—x—-2=0

X+ 2 = x>

x—-2)x+1)=0-> x=-1,x=2

2
x3 ]
-1

1
3

x% 4+ 2x —

1
2

|

2

dx = f(x+2—x2)dx

-1

x+2
x2

N

2

2

8
3

38
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Homework

- Evaluate the following integrals:

1) fOZ f;/z e* dx dy

2) [T dydx

3) [0 15 Py —2)dydx

a4 [’ f_‘yl (2x — y?) dx dy

5) Find the volume of the region of bounded above the elliptical
paraboloid z = 4x + x? — y? and below by the square R: —1 < x <

1, 0<y<1

5
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[ Second Year Mathematics Anaam A.Hmood ]

Chapter Four

Complex Functions

1) Trigonometric Functions:

elZ_e—lZ

a) sinz = > (b) cosz = elre™™
(©) tanz = ﬁ (d) cot z = %
(e) secz = —— (f) cscz = eiz_:_iz
2) Hyperbolic Functions:
(a) sinh z = eZ—Ze- (b) coshz = ez+:_z
() tanhz = (;—) (d) coth z = %
(e) sechz = ——— (f) cschz = ——

Example: Prove that:  cosz = cosx coshy —isinxsinhy

Sol:

We take the right side

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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_[eix+e‘ix [ey+e‘y] i eX—e~ix ey—e‘y]
2 2 2 2

eix+y+ eix—y+ e—ix+y+ e—ix—y_(eix+y_ eix—y_ e—ix+y+ e—ix—y)

4

eix+y+ eix—y+ e—ix+y+ e—ix—y_ eix+y+ eix—y_l_ e—ix+y_ e—ix—y

- 4

2 eX=Y 4 pp—ixty e~ (V=ix) 4 p—i(ix=Y)

B 4 B 2
2 (Y—ix) 4 pi?(ix—y) iy +%) 4 pi(—x—iy) pl(X+iy) 4 p—i(x+iy)

2 2 2

_ elZ+e—lZ_
- ___ —(C0Sz
2

Example: Proof that: sin(iz) = i sinsh (z)
Sol:

ei(iz) _ e—i(iz) e Z — e?
2i T2

()= (557 = vk

sin(iz) =

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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[ Second Year

Expansion of Trigonometric Functions:

1 therefore the De-mover’s formula begin:

Letr

cosO —isin@

1_
~=

Z=cosO +isin@ and

2isin@

1
z

Z_

1

1
Z"+—=2cosnéb,

0

isinn

=2

_Z_n_

ZTl

Zn

Example: Find the expansion for cos® ?

Sol:

(oo}
2 z z
3432224

2cos — cosb

1_
—=

Z+

1
=)

1
—Z.Z—2+

6
2!

V4

1
s (2

-

(z+
2

| N

[

cos3 6@

) +3 (z + 2)]
[2cos30 + 3(2cos8)] =

1
723

1
I

cos3 6

cos30 + 3cosO
4

— |0

cos3 6

42
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Inverse of Trigonometric and Hyperbolic Functions:

If: z=sinw-ow=sin"1z

1) sin"tz = %ln(iz t+ V1 -—2z2)

2) cos7lz = %ln(z + Vz2—1)
- 1 1+iz

3)tan"1z = —In (1_iz)

4) sinh™'z=1In(z+ Vz2+1)

5) coshlz=1In(z+ Vz2-1)

6) tanh™1z = %ln (E)

Example: Prove that  sin™'z = %ln(iz + V1 —z2)

Sol:

eW_g—iw

2i

Let w=sin"lz - z=sinw=
2iz=eW —e™™W 5 (e —e W —2iz=0)xeV
2iw : iw iw2 . iw
e —2ize —1=0—>(e )—ZLze —-1=0

v 2izix/—422+4_ 2iz+ 2V—z2+1
B 2 B 2

el

5
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etw = —Z(izivzl—zz) =iz+V1—22
iw = ln(izi\/1 —zz) S>w= %ln(izi\ﬂ —22)
1

w=sin "z

Cauchy — Rieman Equations:

Let f(2) = u(x,y) +iv(x,y)
The necessary condition that f (z) be analytic in region R is that

u(x,y) and v(x,y) satisfay:

du 0dv d Ju  0dv Cauchv’ .
i an ST (Cauchy’s condition)

Example: Check if the function f (z) is analytic when f (z) = x — iy

Sol:

f(@)=x—1iy

6u_1 v "
ox ’ dy
M2 then f(2) isnot analyti
ox " oy en f(z) is not analytic

5
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Second Year Mathematics Anaam A.Hmood :

cos’w +sinw =1 —cos?w +sinw =1 :

cos?w =1 —sin?w \

cosw =V1 —sin?2w =vV1 — z2 :

dw 1
dz V1-2z2

d , . 4 1 :
— (sin"*z) = :
dz

46 \
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Homework

1) Are the following functions analytic?

a) f(z)=zzZ
b) f(z) = z+ z?

. a -1 _ 1
2) Prove that: " (tan™" z) = 7

3) Find the expention of sin3 8
4) Proof that: coshiz = cosz
5) Prove that: cosh? z — sinh?z = 1

6) Prove that: cosh? z + sinh? z = cosh 2z

5
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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Chapter Five

Ordinary Differential Equations

Definition: A differential equation is an equation involving an unknown

function and its derivatives.

Order and Deqgree:

The order: is the highest derivative appearing in the equation.

The degree: is the power to which the highest order derivative is raised.

First Order of Ordinary Differential Equations (ODES):

There are four ways to solve the First order of ordinary differential equations:

1) Separation variable.
2) Homogenous differential equations.
3) Exact differential equations.

4) Integrating factor of the linear equations.

1) Separation Variable:

If f(x,y) = Z—Z is said to be separable if it can be written in the form:

a

2= f(x) g(y)

dx

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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jdx—> tanly=x+c
49

=—-(x+2)y*
—(x + 2)dx

d
tan (x + ¢)

+(x+2)y*=0

dy
1+ y2
ay
dx
_ay
dx
dy
F

Example: Find the solutionof y +(x +2)y? =0
Sol:

Example: Solve the equation
Sol
1+y2
y =

[ Second Year
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[ Second Year Mathematics Anaam A.FHmood ]

Example: Solve the equation y =ky

Sol:
— =ky

— = kdx
y

d
f—y=kfdx
y

Iny=kx+c

y = ek* +e¢

2) Homogenous Equations:

p(x,y)dx + q(x,y)dy = 0 is called homogenous if p and q are homogenous

functions of same degree when written in the form Z—i’ =f(x,y) = f(u)
The function f (x,y) can be written as: f(x,y) = g( %)

We substitute u instead of ( %) and then find the solution of this differential

equation as:

du _ dx
fa)—-u ) x

5
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[ Second Year

4x%+y?
xy

al r

u =

Example: Solve the equation

Where:

Sol:

4
—-+u
u

then f(u) =

=X
X

Let u

General solution:

dx
X

/

du
fw)-u

J

1 2
u“=Inx+c

_ —

8

dx
X
dx
X

/

Jome
%ju du = j

8lnx + 8¢

)

Y
X
x?(8lnx+8c)—> y=xV8lnx+ 8¢

8lnx + 8¢ —>(

u? =

2:

y

Yy Yy
F— 1]+ ex
X

=2[e

LY
yex

Example: Solve

Sol:

-y
x

We multiplies both sides by e

51
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. Y y y Y Y
yex=2(ex—1)+;ex] *xe X

S (er — y _Y
y =2(e 1)+x (u—x

Fw=21-e"“)+u
du dx
J fay-u ) x

f du __ rdx
2(1-e W) +u-u )

1
Eln(l —e M) =lnx+c

%ln(l —e_%) =lnx+c

3) Exact Equations:

The first order differential equation
M(x,y)dx + N(x,y)dy =0
Said to be exact if a function f (X, y) exists such that the total differential.
dlf (x,y)] = M(x,y)dx + N(x,y) dy
It follows directly that if
M(x,y)dx + N(x,y)dy =0 (*)

Is exact, the d[f(x,y)] =0, so the general solution of (*) is must be

constant.

5
5
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Steps for Solving an Exact Differential Equation:

1) Match the equation to the form M (x, y)dx + N(x,y) dy = 0 to identify
M and N.

2) Integrate M (or N) with respect to x (or y), writing the constant of
Integration as g(x) or g(y).

3) Differentiate with respect to y (or x) and set the result equal to N (or M)
to g(x)or g(y).

4) Integrate to g(y) or g (x).

5) Write the solution of the exact equation as f (x,y) =c

Example: Solve the equation 2xy dx + (x?2 + 1)dy = 0

Sol:

__ov oM

=% b oy T X

M = 2xy

v ON
N=x?>+1=— , —=
ox

2x
oy’

oM oN .
o = So it t1s exact.
dy dx

— =2 - —.[2 d
— —
P) Xy v Xy ax

v=2x*y+A®y) ()

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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oM

dy
oN
dx

G,
vo_ 2
dy
x2
A(y) =

o
Il
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eX+ A(y) = e*

A=0—>JA(y)=o

A(y) =c

4- Inteqrating Factor:

The standard form of the linear differential equation is:

2+ Py = Q) ....(¥)
Where P(x) and Q(x) known functions and the integrating factor of the

linear equation are is:

[ = eJP@dx  the general solution of (*)

Ly(x)= JIQ(x)dx

el POXdx y(x) = fefp(x)dx Q(x)dx

. d .
Example: Solve the equation => — y tan x = sin x cos? x

Sol:

P(x) = —tanx, Q(x) = sinx cos? x
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Homework

-Solve the following differential equations:

1) Z—i’ + % = e¥ (Integrating factor).

2) 2x +sinx)dx +xcosy dy =0 (Exact).

3) Z—i’ —2y+a=0 (Separation variables).
Z—i’ — 373’ = x? (Integrating factor).

5xdx+x(1+y)dy=0 (Exact).

6) xZ—f: =my? (Separation variables).
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Chapter Six
Sequences and Series

Sequences:

A sequence of numbers is a function whose domain is the set of positive integers.

Example:
0, .., n-1  for a sequence whose defining rule is a, = n—1
1 11 .. . 1
1, 3 for a sequence whose defining rule is a,, = -

The index n is the domain of the sequence. While the numbers inthe range  of
the sequence are called the terms of the sequence, and the number a, being called

the n term, or the term with index.

Example:

+1
an, ==  then the terms are:

_5 _3 _4 n+1
a, =2, az—z, a3—2,.... -

Example: Find the first five terms of the following

2n-1 1-(-1)"
a) 3n+2 b) n3
Sol:
1 3 5 7 9 2 2
a) _J_J_I_J_ b)2’ Ol_IOI_
578711 14 17 27 125
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Infinite Series:

Infinite series are sequences of a special kind: those in which the n" -term is the

sum of the first n terms of a related sequence.

Example: Suppose that we start with the sequence

1111 1 1

1= =2 = =

2748’16’32 64"
Sol:

51=a1=1

=a, + —1+1—3
S; =0ayTAa; = 2" 2

1 7
= =1 — e
S3 a, +a,+ a; +2+4 1

As the first three terms of the sequence {s, }.

When the sequence {s, } is formed in this way from a given sequence {a, } by

therule: s, =a;+a,+az+-+a,=X}i_,a

The result is called an infinite series.
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Geometric Series:

A series of the form a +ar +ar? +ar® + -+, ar™ 1 + ---

is called a geometric series. The ratio of any term to the one before it is if r<1.
the geometric series convergesﬁ ,if |r] = 1, the series diverges unless
a =0.

If a=0, the series convergesto 0.

Example: Geometric series with a = % and r =§
Sol:
1
1+1+1+ _1<1+1+ )_ 9 1
9 27 81 9\3 " 32 1)
3
Geometric serieswitha=4 and r=—-=
4_2+1_1+1_...:4(1_l+l_l+i_...:ilzg
2 4 2 4 8 16 1+5 3

Power Series:

A power series about x = 0 is a series of the form
Yo CnX™ = Co + e xt + o + 4 cpx™ e

A power series about X = a is a series of the form

5
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(0]

z ch(x—a)*=cytc(x—a)tc(x—a)>+ - +c,(x—a)" +

n=0

in which the center a and the coefficients ¢4, c,, ..., ¢,, are constants.

Example: The series Y.;°_,x™ is a geometric series with first term 1 and ratio

X. It converges to

1
1+x

=1+x+x>+x3++x"+ - for|x| <1

Taylor Series & Maclaurin Series:

Let f be a function with derivatives of all orders throughout some interval

Containing as an interior point. Then the Taylor Series generated by fat x = a

IS:
k z 2 N o
§,f"(>( )—f(a)+f(a)(x—a)+w+...+w+

k=0

The Maclaurin Series generated by f is:

N (x — O)k ;"( ) fn(O) X
D PO = £ + e P T
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Which is a Taylor series generated by a=0

1
X

Example: Find the Taylor series for the following function f(x) = - ,at a = 2

Sol:

fx) = X, fr(a) &

k

a)k
!

X

'_a)z + o+ M + .-

n!

F) = (@) + f(a)x — @) + L&

2!

f) =fla)=f2) =5

flx) = _x_12 > fl@)= fRQ)=—5=—-=

2 4

fP@) =-122) =5 > @) =@ =5 =5 =,

2 8

- -6 _ -6

fPo=2-3xM=3 > ===

Taylor series is:

N2 N3
f)=2=1_l(x—2+28&2 6 &2,

X 2 4 8 2! 16 3!

Example: Find the Taylor series for the following function
f(x)=x%ata=4

Sol:

(x—-a)k
k!

fO) =Eizo (@)
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GGt MY A CO1C i) S

0 = f(@ + f@)(x - @) + = o
fG)=f(a)=(4)?*=16

fl@y=2xc— fla)=24)=8

fPx) =2~ f2(49) =2

f3x) =0

(x—4)?

f(x)=16+8(x—4) -2 2!

+0

Example Find Maclaurin series of f(x) = x* + 5x
Sol:

For Maclaurin seriesa=10

s Mk 2 2 n n
sz(o) (x klO) = £(0) +f(0)x +w+ +]ﬂ+
k=0 '

2! n!
f(x) =x*+5x - f(0)=0
f(x)=4x®+5-f(0)=5
f2(x)=12x* > f2(0) =0
f3(x)=24x-f3(0)=0

Maclaurin series is

5
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x? x3
x*+5x =0+ 5x + (0) 7+(0)§+---=5x

Example: Find Taylor series of f(x) =lnx ata =1

Sol:

(x—a)k
|

@) = S0 (@)

) = f(@) + f(@)(x — a) +M+ g @G

2! n!

f(x) =In(x) - f(0) =In(1) = 0

3 2 3 2
P ==-f)=5=2
Taylor series for In x is:

1nx=x—1+ﬂ(—1)+(x;—'1)3(2)+-.-

21
(x—1)? (x—1)°
TR B

=x—1-
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Homework :

-Find Taylor or Maclaurin for the following functions: :
1) f(x) = sin3x :
2) f(x) =cosx ata=20 :

3)2)f(x) =¢e* ata=2 :

N fx)=x3—2x+4 ata=1 \
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