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‘ Chapter One

Laplace Transform ,

Definition: The Laplace transform of the function f(t) is given by:

Where s is a complex number, s = o +jw

[ Laplace Transform of Some Important Function ]

1) Unit step function u(t):

1 ,t>0
”(t)_{o t<0

[0 0]
—st|®

£ @) = [ f@e de= [@yet de =
0

0

0

e -s(0)

=5(x0) 1 1
L[f(t)]=e_s 0+-=<

)
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2) Exponential function et :

LIfF®)] =L [e*] = fooo et xe~St dt = fooo edt=st dt = fooo e t6-a) gt =

e—t(s—a) 00 e—oo(s—a) e—o(s—a) 1 1

0 —(s—a) B —(s—a) s—a s—a

—(s-a)
3) The function sin(at):
eiat_e—iat

LIF(®)] = £ [sin(at)] = [ sin(at) e~ dt = [7 (——)e " dt

_ 1 rr® jat _-st _ [*® —iat ,-st
=), e e~tdt— [ e e7 dt]

_Lrr® —t(s—ia) _ (® —t(s+ia)
==, e dt— |, e dt]

1 e—t(s—ia) o e—t(s+ia) o
T 20 —(s—ia) 0 —(s+ia) 0

1 e—oo(s—ia) e? e—oo(s+ia) eY
== — — — + — — ——|

2i - —(s—-ia) —(s—ia) s+ia s+ia

1 1 1 1 1 1
-+ [(0+5)+ (05| - 15

21 s—ia s+ia 20 "s—ia s+ia
_1 [(s+ia)—(s—ia) _ 1 [ s—s+ia+ia ]
T 2i (s+ia)(s—ia) |~ 2i Y's2+ias—ias—i2a?

1 2ia a

L |sin(at)]| == =

[ ( )] 20 s2+a? s2+q?

. iat_e—iat
sinat = -
21
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4) sin(at) and cos(at) function (e*®):

e'® = cos(at) + i sin(at)

(00] (00]

. | | e~tG=ia) |
LIF(D)] = £ [e'] = f eldt x ¢St g = f e i) g = —
) ) (s —ia) 0
e—oo(s—ia) e—O(s—ia) 1 1
- —(s—ia) - —(s—ia) - s—ia - s—ia
- s—1ia * z:z - :'2:1:2 - 524S-a2 isz-c:az = L(cosat) + iL(sinat)

5) the function t:

LIF(O)] = £ [t] = j fx oSt dt = _
0

O] =(5=+0)=-(0-5) =3
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The Laplace transforms for some functions is given in the following table:

B B B e E— ,
unit step s cos( 1) s2 +a?
1 a
t 5z sin (at) R
2! a
t? 33 sinh(at) e
n! S
t" St cosh(at) R
1 2 2
et T — g tansh(at) (;2:—;2)2
—at 1 —at S
te s + a)? (1 —at)e m

[ Some Important Properties of Laplace Transform J

1) Linearity property:

If c1 and c; any constants while f; (t)and f,(t) are functions with Laplace
transformation then:

Llc1f1(0) + c2f2(O] =1 L] + 2 L[f2(D)]
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EXAMPLE: Find Laplace transform of 4t? — 3 cos 2t + 5e™¢
Sol:
L[4t? —3cos2t+5e7 ] =4 L(t?) —3L (cos2t) + 5 L(e™ ")

2! s 1 8 3s 5
=4Z -3 45 —_=2_3% 5
s3 s2+4 s+1 s3  s244  s+1

EXAMPLE: Find Laplace transform of 4 e>t + 6 t3 — 3sin4t + 2 cos 2t
Sol:
L[4 e +6t3—3sin4t + 2 cos 2t]
=4 L (e) + 6 L(t3) — 3L(sin4t) + 2 L(cos 2t)

_ 4 3! 4 28 _ 4 36 12 2S
=—4+6——3 > + > = +—— > >
s-5 s* s2+16  s%+4 s—=5 s* s2+416  s2+4

2) Multiplication by e®t (Shifting):
If L[f(t)] =F(s) then:
L [eat f(®)]=F(s—a)=F(s)|s»s-a
We obtain F (s — a) by replacing s with (s — a) in the integral.

EXAMPLE: Find: (1) £ (e2 sin 3t)
(2) £ (e*t cos 3t)
(3) L (e%t?)
Sol:

(1) £ (e %t sin 3t)

3
s249

First we find £ (sin3t) =
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3 3
=2t ¢j 3t = —_— = =
L™ sin30) = Gog| T GTDIF9 ST ds+4T0

_ 3

~ s24 45413

(2) £ (e* cos 3t)
First we find £ (cos3t) = 5219
S S—4 s—4 S—4

L (e* cos3t) = = = =
( ) 5249 lg 54 (s—4)2+9  s2-8s+16+9  s2-8s+25

(3)L (e3t2)

First we find £ (¢2) = 52—
2

s—s—3 (s-3)3

L(e¥t?) =2

3) Multiplication by t":

LI ()] = ()" F(s)

EXAMPLE: Find £ (t? cos at)

Sol:
s
n=2, f(t) =cosat - F(s) = o
2 —(—1)2 % s
L(t“cosat) = (—1) — 52+a2)
i( s ) _ (s?+a®)x1-sx2s _ s*+a?-2s®  a?-s?
ds \s2+a2) (s2+a?2)? T (s2+a?)?  (s%2+a?)?

5




Jhixd stage Jfrgineeting fnalysis dnaam A. gftmood

d? [ a%-s? ] _ [(s*+a?)?x—2s]—[(a?—s?)*2(s%+a?)*2s]

ds? l(s2+a2)z] ~ (s2+a?)*
_[-2s(s?+a?)?]-4s[(a?—s?)(s*+a?)] _ —2s (s*+a?)[(s*+a?)+2(a*-s?)]
- (s2+a?)+ o (s2+a?2)*
_ —2s[s*+a?+2a%-25%] _ -2s(3a%-s%)
a (s?2+a?)3 T (s24a?)3

4) Initial Value theorm:

When t =0, f(0) = ltirr(}f(t) = lim s F(s)
- S— 00
EXAMPLE: Find the initial value of F(s) if F(s) = :
s(s2+1)
Sol:
f(O) - ltl—r}(%f(t) - 511—>r2>5 F(s) = sh—glos * s(s?+1)
1 1 1
_sz+1_002+1_;_0
5) Final value theorm (steady state):
When t =co, tlim f() = lin(l) s F(s)
—00 S
- . . 1
EXAMPLE: Find the steady state value of F(s) if F(s) = STz
Sol:
: Y 1 _ 11
?_I,%S F(s) = Ll_r)rgs s(s*4+2s+7)  0+42%047 7

6) Laplace transform for Derivative:
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LIf ()] = SF(s) = £(0)
LI f2()] = S*F(s) — Sf(0) — £(0)
LI f3(6)] = S3F(s) = S*£(0) = S £(0) — £*(0)
Therefore, in general:
LIM(®)] = S"F(s) = S™* f(0) = §™72 f(0) =+ = S f*7%(0) — f™(0)
EXAMPLE: Find £[ f(t)]if f(t) = —cost
Sol:

LIf®)] = SF(s) = F(0) = S[Lf ()] = f(0) = S[L(=cost)] = f(0)

2 2

N N )

L[f(t)] = —SS2+1 — (—cos0) = =5t cos 0 =55t 1
. —s?2+s2+1 1
L@l = s24+1  s2+1
7) Laplace Transform of Integral:
If F(t) =L[f(t)] then:
L[, f(©)dt] = F (s)
. t, .
EXAMPLE: Find L[ [ (sint)dt |
i t, . _F(s) _1( 3 \_ 3
Sol: £ [ fO (sin31) dt] T s T s (52+9) " s(s249)
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[ Inverse of Laplace Transform

If the Laplace transform of a function f (t) is F(s) then f (t) is called the inverse

of Laplace transform of f (s) and we write symbolically:

where £71 is called the inverse of Laplace transformation operator. f (t) can be

found by using properties or partial fraction method.

EXAMPL.: Find the inverse of Laplace transform of F(s) if F(s) = (55:21)2
Sol:
s+1 1 S
F(s) = (s+2)2  (5+2)2  (s+2)2
_ r-1(_1 -1|_S — (1 _ -2t -2t
fFO =L [(m)z] + L [(m)z] =(1-2t)e 2+ te
f)=e? —2te ' ++te 2t =2t (1—1t)
[ Rule of Partial Fraction
1-s+a=-—

s+a

2- (s+a)? ="+

sta  (s+a)?

A B c
sta  (s+a)? = (s+a)3

3 (s+a)3=
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As+B

4- (s> +ps+q) =

sZ+ps+q
As+B Cs+D
s2+ps+q (s2+ps+q)?

5- (s*+ps+q) =

EXAMPL: Find £-1 [M]

s(s+2)(s+3)
Sol:
-1 [252+1ls+5] _ A, B c
s(s+2)(s+3) s  s+2  s+3
A =1 2s2+11s+5 _ 0+0+5 5
s—0 (s+2)(s+3) (0+2)(0+3) 6
B = lim 2s2+11s+5 _2(-2)2+11(-2)45 _ -9 _ 9
s——2 S(s+3) —2(—2+3) -2 2
. 25%+11s+5 _2(-3)2+11(-3)+5 —10
C = lm = =
s—»—3 S(s+2) -3(-3+2) 3
1[4 B c 5 1 9 1 10 1
LU+ =4 = |=2stor———x—
S S+2 s+3 6 s 2 s+2 3 s+3

-5 2 ,-2t _10 -3¢t
—6(1)+Ze G

EXAMPLE: Find £-1 [52““]

s2—-5s5+6
Sol:
L_1[52+S+1] . _1[ s24s+1 ]_ A n B
s2-5s+6] (s=2)(s=3)] = s-2 = s-3

2
. S24s+1  4+2+1
A = lim = =-7
s52  (s—3) 2-3
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s%+s+1 _9+3+1

B = lim 13
s—3  (s-2)  3-2
2
4| s°+s+1 _ _1[ A ]+L‘1[ B ]
(s—2)(s—3) s—2 s—3
=L+ =762 +13e3
s—2 s-3

[ Solution of Differential Equation Using Laplace Transform J

Here, we use the derivative property as follows:
LIf ()] = SF(s) — £(0)
LI f2()] = S?F(s) — Sf(0) — £(0)
LI f3(6)] = S3F(s) = S*£(0) = S £(0) — £%(0)

EXAMPLE: Solve the following differential equation using Laplace
transform: y+2y+y=t withy(0)=0,y(0)=1

Sol:

Taking the Laplace transform of the two sides, we get

1
[sY(5) = sy(0) = y(O)] + 2[sY(s) = y(O] + Y (s) =

s2Y(s) —s(0) — 1+ 2sY(s) — 2(0) + Y(s) = Siz

10
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s2Y(s) + 2sY(s) + Y(s) = slz +1

1+ s? 1+ s2
2 — —

Y(s)[s*+2s+ 1] = 2 Y(s) = STGIr 25T D)
Y(s) = 1+ s? B 1+ s? B 1+ s?

5= s2(s2+2s+1) s2(s+1)(s+1) s2(s+1)2

A B ¢ D
V) =S+a+mt oo
_ As(s+1)*+B(s+1)*+Cs*(s+1)+Ds*
Y(S) o s2(s+1)2
3 2 3 2 2

Y(S) — ASs°+2ASs+ASs+Bs“+2Bs+B+(Cs°+Cs“+Ds

s2(s+1)2
s?+1=As3+24s+ As + Bs?> + 2Bs + B + Cs3 + Cs? + Ds?
s?+1=s3(A+C)+s*(2QA+B+C+D)+s(A+2B)+B
s$3(A+C)=0>A+C=0-A4A=—-C ..(1)
s2(QA+B+C+D)=s*>2A+B+C+D=1 ..(2)
sS(A+2B)=0-A+2B=0..(3)

B=1..(4) ,weput (1)in(3) and get A = -2(1) = -2

Then we get the value of Cby eq.(1), C = -4 =2

Now the value of D can be obtained by requiting 4, B, C in eq.(2) to get:

24+B+C+D=1-2(-2)+142+D=1-D =2

v _A+B+ C 4 D —Y()—_2+1+ 2 N 2
(s)_s 2 s+l (s+D2 YT s T2 sy 1 T 5+ 1)2

11
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-2 1 2 2

t)=L'|—+ =+ + =—-2+t+2e "+ 2te”"
y(®) s s?2 s+1 (s+1)? ¢ €

EXAMPLE: Solve the following differential equation using Laplace transform
y+y=4,withy(0) =0
Sol:

Take Laplace transform for both sides

SY(s) +y(0) +Y(s) ==

4 4
sY(s)+Y(s) = P Y(S)(s+1) = .

A B A(s+1)+Bs

=s(s+1)=s+s+1_ s(s+1)

Y (S)

As+A+Bs s(A+B)+A4
s(s+1)  s(s+1)

Y(s) =

s(A+B)+A=4
s(A+B)=0-5A+B=0 >A=-B..(1)

A=4 > B=—4..(2)

A B 4 4
Y =<+7=:"m
(t)—L‘1[4 Y o4
y B s s+11 €

12
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[ HOMEWORK J

1- Find L(e~*sinhat)
2-1f  f(t) = sin 2t find L[f2(t)]
3-find L[f(t)] if [f(t)=e(sin 2t — cos4t))

4-1f  F(s) =

> find inverse of Laplace transform.
54+55-6

5- Solve the following differential equations:

a) y+2y =5, y(0)=0, y(0) =0
b) v+ 3y =4et, y(0) =0

13
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Chapter Two

Z- Transform

J

Z- Transform: Is a representation of a discrete signal and play an important

role in the analysis of discrete time signal.

Definition: Z- Transform of discrete time signal X (n) is defined as:

Where z is complex variable: z = x +iy or z= re'V

From the above definition of Z.T. it is clear that ZT is power series & it exist for
only for those values of z for which X(z) attains finite value ( convergence) ,which

is defined by Region of convergence (ROC).

[ Region of Convergence (ROC) J

Region of Convergence is set of those values of z for which power series x (z)

converges. OR for which power series, x (z) attains finite value.
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The poles of a z- transform are the value of z for which if x(z) = oo and the zeros

of z- transform are the values of z for which if x(z) =0

[ Z- Transform of Some Functions

1- Z[6(m)] = Xn=p () 27 =1
2- Zlum)] = Enzo 1z 7" = (271"

=l4+z+zt+z2%2+..= 1_1=L, ROC: |z|>1
1-z z—1
3- Z[ew|=—1 =2 ROC: -a
[e™"] eyl — . lz| > e
4— Zla =Y ,atzh=—"=-"2 ROC: |Z| > a

5—Zn]=Y2,nz "= (1_22_1)2 = (Z_Zl)z ) ROC: |Z| > 1

EXAMPLE: If x(n) = {1, 2,5,7,0, 1}, find Z transform.

k

Sol:

x(2) = Xn=—ex(n) z7"

x(z) =x(0)z° +x(Dz7 +x(2)z72+ x(3)z 3+

ROC
x(D)z™* + x(4)z™>

7%

K,

x(z) =1+2z7'+522+72z 3425

A
N z z% z3 z5

Z=0

N\

ROC: Z+0

15
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-In this case x(z) is finite for all values of z, except
|z| = 0. Because at z =0, x(z)= .

Thus ROC is entire z-plane except |z| = 0.

EXAMPLE: Find Z transform of x(n) and ROC if :

x(n)={an’ n=0
0, n<o0

Sol:

V4

X(2) = $50 a2 = 5 y(a 27" =

ROC: |z| > a

EXAMPLE:Find Z transform of x (n) and ROC if : x(n) = ()" u(n)

Sol:
a Im
u(n) =1
""f-_'_-ﬂ\"'..
o n\"* _ ':}S'II Ra
X(Z) - Zn=0 (E) z™" = Z% {x . .-"r g
2 \\_\h_f.’_;
ROC:M|>%

EXAMPLE: Find Z transform of x (n) and ROC if:

0 ,n=0

x(n)=—-a"u(-n—-1) = {—a",n <1

Sol:

16
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x(z) = Yni-w(—a™)z" = - X7, (a7"z")

x(z) = _(Z?zozo atz"—-1)=— (L _ 1)

a-z
a—a+z VA 7
- a—z  a—2z z—a
ROC: |z|<|a] AOC s nsid the

EXAMPLE: Find Z-Transform of x (n)
and ROC if: x(n) = a"u(n)+b"u(—n—-1)
Sol:
x(z) =Yy atz "+ Yl btz =YY jatz "+ Y b2

[0/e] —_ 0 _ b
:anoanz n Zn:ob n Z"—l:i Lb

z—a b—-z
b—b+
X(Z) = zfa + b—zZ = zia + bZ—Z B2
L
ROC: |z| >a, |zI<b ora <|z|<b N4 Refz)
LN
e __;,f\n OC for Xiz)
[ Properties of Z-transform J

1- Linearity: Z{a,x;(n) £ a,x,(n)} = a,x,(2) + a,x,(2)

EXAMPLE: Z[2 (1 —emm)] =1 [£ -]

z
z—1 z—e~a

17




Jhixd stage Jfrgineeting fnalysis dnaam A. gftmood

2- Time Shifting: Z[x (n —m)] = Z7™x(2)

EXAMPLE: Zlx(m—1D]=Z"1x(2)

3- Multiplication by exponential : Z[ x(n)eT® ] = x (Z e™®)

a

EXAMPLE: Z[ne% ] = —2% ze”

T e a-1)2  (z-e%)?

4- Multiplication by n: Z[n x(n) ] = — z% x(2)

EXAMPLE: Z[n e% ] = _74e ( z ) — (Z—e“*l—Z*l) _ ze“

dz \z—e® (z—e?)2 T (z—e®)2

5- Time reversal: x(—n) = x(z™1) and x(n) = x(2)

EXAMPLE: x(n) =u(—n) and u(—n) = i , |zl <1
1
1-z71

EXAMPLE: x(n) =u(n) and u(n) =

) |z| > 1
6- Convolution: Z-Transform Convolution Theorem
y[nl = x(z) * h(z) © X(2H(z) = Y (2)

or: %1(2) * %, (2) © X1(2) X, (2)

18
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Z
(z—1)2

EXAMPLE: Find x(n) using convolution theorem if X(z) =

Sol:

Y(s) = Z oz 1 _ 1
(2) = Z-Df z-17z-1 =x,(2).x,(z) = u(n).u(n—1)

EXAMPLE: Find out convolution of two sequences given below:
x(n)={21-103} ,h(n)={1 2 —1}
t f
Sol:

X(z)=22"+2z1—-224+0+43z%*=242z1-2z2+3z7*
Hz)=z+4+2z2—-z1=2z+2-z71

Using convolution property

X(2)Hz)=Q+z '—z2+3z7*%)(z+2-2z"1)

X(z).H(2)
=2z4+41—2z143234+4+227'-222+6z27*—2z71—272

+23-2°=22+5-2z"1442z3-322-272"+6z7*

[ The Inverse of Z-Transform

Methods of obtaining the inverse of Z-transform are:

1- Partial fraction method.

19
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2- Power fraction method.

3- Discrete convolution.

{ Partial Fraction Method

x(n) =Z7" [x(2)]

Where ¢, and ¥, are functions.

2(z%+2)
z2-1.52z+0.5

EXAMPLE: Find the inverse of Z-transform if x(z) =

Sol:

x(z) = 2(z%+z) _ 2z(z+1)
T 2z2-15z+05 z2-1.5z+405

x(z) 2(z+1) A B

VA (Z—l)(z—0.5)=z—1+z—0.5

2(z+1) _ 2(1+1) _ 4

z—1 z—0.5 1-0.5 0.5
. 2(z+1) 2(05+1) 3
B‘zli%.‘s z—1  05-—-1 _—0.5__6
x(z) = 82— — 6—

z—1 z—0.5

x(n) =8u(n)—6(0.5)"

20
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V4

EXAMPLE: Find x(n) if x(z) =

3z2-4 z+1
Sol:
x(z) 1 _ 1 __4 B
z  3z2-4z+1 (3z-1)(z-1) 3z-1 z-1
-1 _ 1 __3
A=lm o= =2=
B li 1 1 1
— lim _ _
z-13z—1 3x1—-1 2
x(z)= A +B =_§ 1 +1L
z 3z-1 z-1 2 3z-1 2 z-1
z 1 =z 3 z 1 z 1 z 1 z
D= nat s AT Ty T T T2 T
3
1 /1n\"* 1
x(m)==3 (3) +5um
[ Stability of System ]

In general, to test the stability of digital system, just check that all the poles
within the unit circle. If any are not, then the system is unstable.

For example: if

1 72 72 72

x(z) = = =
() 14022714048 z72 z2 z240.2 z+0.48 (z+0.8)(z—-0.6)

The zeros: z; =0 f

The poles:  p; = —0.8, p, = 0.

A
/:

The system is stable because all poles inside unite circle .

21
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EXAMPLE: Find poles and zeros for x(z) = = + —
1

Sol:

Jfrgineeting fnalysis

7 z(z+§) +Z(Z—%) _

V4

zZ+=
2 3

2,1 2_1
Z+=z+z%—=2
3 2

(z—3)(z+3)

A
x(z) = (ZZ_Z;;Z%% - (ZZ_(;Z?;

The zeros: z; =0, z, = %

The poles: p; = % p2 = _g

The system is stable.

(z—3)(z+3)

dnaam A. gftmood

@n
L/

22
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[ HOMEWORK

1- Find Z-transform if x(n) = b/™

2-If x(z) =2z+5z"1 4 62z73 — z* find x(n).

1

3-Find zeros and poles of x(z) = (12 1)a-22-2)

zZ+2

4 — Find x(n) if x(z) = (z+2)(z - 4)

5 If x(2) = (Zizz_z) find:

@) [x(n) +x(n—3)]*x(n)
b)x(n+3)+d6(n—1)

6-1f x(n)={2 1 -1 0 3},h(n)={12 —1},
Find out convolution of two sequences given above.

23
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Chapter Three

Probability and Statistics
/

Definition: If the sample space S of an experiment consists of finitely many

outcomes (points) that are equally likely, then the probability of an event A is:

From this definition it follows immediately that, in particular, p(s) =1

EXAMPLE: Consider again the weather example, with S = {rain, snow, clear}.
Suppose that the probability of rain is 40%, the probability of snow is 15%, and the
probability of a clear day is 45%.

Sol:

For this example, of course P(@) = 0, i.e., it is impossible that nothing will happen
tomorrow. Also P ({rain, snow, clear}) = 1, because we are assuming that exactly

one of rain, snow, or clear must occur tomorrow.
p(rain) = = 0.4 and p(snow) = o0 = = 0.15,p(clear) = = 0.45

If the probability of non-occurrence of event is q then:
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[ Sample Space ]

The sample space of the experiment consists of the set of the all possible outcomes.

[ General Definitions of Probability ]

Given a sample space S, with each event A of S there is associated a number called

the probability of A, such that the following axioms of probability are satisfied.

1) For every Ain S, 0<pll<1

2) The entire sample space S has the probability

3) For mutually exclusive events A and B

4) For not mutually exclusive events A and B in a sample space,

p(AnB) =p(A) * p(B)

25
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@ >

S S

Not mutually exclusive Mutually exclusive

[ Complementation Rule ]

For an event A and its complement A°® in a sample space S,

eeen @

EXAMPLE: If player A hits goal with probability (1/4 ) and player B with (2/5)
what is the probability of hitting the goal if A and B are hitting the goal in the
same time?

Sol:
p(AUB) =p(A) +p(B) — p(ANB)
p(AUB) =p(A) +p(B) — p(A) *p(B)

1 2 1 2 11
p(AUB) =3+5-(3+5) =%

26
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[ Conditional Probability (Independent Events) ]

Often it is required to find the probability of an event B under the condition that an
event A occurs. This probability is called the conditional probability of B given A
and is denoted by p( A/B). Thus:

Similarly, the conditional probability of A given B is:

EXAMPLE: Suppose a class contains 60% girls and 40% boys. Suppose that 30%
of the girls have long hair, and 20% of the boys have long hair. A student is chosen
uniformly at random the class. What is the probability that the chosen student will

have long hair?

Sol: Let A; be the set of girls and A, be the set of boys. Then {As, A2} is a partition
of the class. We further let B be the set of all students with long hair.

P(B) = P(A; )P(B|A,) + P(A;)P(B|Ay)

= (0.6)(0.3) + (0.4)(0.2) = 0.26
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Multiplication Rule

If A and B are events in a sample space Sand p(A) # 0,p(B) # 0 then:

EXAMPLE: In producing screws, let A mean “screw too slim” and B “screw too
short.” Let p(A) = 0.1 and let the conditional probability that a slim screw is also too
shortbe P(B/A) = 0.2. What is the probability that a screw that we pick randomly

from the lot produced will be both too slim and too short?
Sol:
p(ANnB) = p(A)P(B/A)

p(ANB)=0.1%x0.2=0.02=2%

EXAMPLE: One bag contains 4 white balls and 2 black balls and another bag

contain 3 white balls and 5 black balls. If one ball is drown from each bag, find

the probability that:

1- Both are white 2- Both are black.
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Sol:
bag (1) bag (2)
4 2
p(wy) = 6 ' p(by) = 6 m by W b,
p(wy) == ,p(by) =2 4 [ 2 | 3 | 5
6 8
1) pwiw,) =p(wy) p(wy) = % * % ==
2 5

2) p(biby) = p(by) p(by) = =% > = —

EXAMPLE: A box contains 10 white ball and 5 red balls, a second box contains
20 white and 20 red balls. We select at random box and pick a ball. What is the

probability that this ball is white?
bag (1) bag (2)

Sol:

p(box;) = p(box,) = %

p(w) = p(w; box 1) + p(w, box,) =

10 1 20
PW) =%t

1

7

2 12

29
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p(4) =1-p(A°) if p(S) =1

Sol:

We can draw the sample space into two events A and A€, then

S=AUA®
P(S) = P(A U A°) = P(A) + P(A°) 1c
1=P(A) + P(A°) > =~ P(A) =1- P(A°) °
S

P(®) =0 if ® and A are two exclusive

Sol:
AU =A

P(Au @) =P(A)

P(A) + P(®) = P(4)

P(@) = P(4) — P(4) = 0

30
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EXAMPLE: If the probability of the student A to solve a problem is (4/5) and
the probability of the student B to solve it is (2/3), what is the probability of this
problem if two students are solved together?

Sol:

4 2

p(4) = s ,p(B) = 3

P(AUB) = P(A) + P(B) — P(AN B)
P(AUB) = P(A) + P(B) — P(4). P(B)

4 2 4 2
P(AUB)=§+§—<§*§):

12+10 8 14
15 15 15

EXAMPLE: If the probability of the student success in math is (2/3) and the
probability of the student success in physics is (4/9), and the probability of the
student success in any exam is (4/5)

1- What is the probability of success in both exams?
2- What the probability is of failed in math?

Sol:

1- p(A) = p(B)=> , P(AUB)=:

P(AUB) = P(4A) + P(B) — P(ANB)
P(ANB) = P(4) + P(B) — P(AUB)
4 4 14

2
P(AﬂB)=§+§—§=E
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2- P(A)=1-P(A)=1—-2="

1

[ Permutations and Combinations

Permutations:

A permutation of given things (elements or objects) is an arrangement of these

things in a row in some order.

(a) Different things: The number of permutations of n different things taken

allatatimeisn! =1.2.3....n

(b) The number of different permutations of n different things taken k at a time

without repetitions is:

And with repetitions:

EXAMPLE: In how many groups the letters a, b, ¢ can be arranged taken two

letters at time?

Sol:

n 3 3!

kP = 2P = G-

- Ifn=n1+n2+n3+“'+nr,
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therefore the number of permutations for this things is equal to:

EXAMPLE: In how many way can be arranged the letters of STATISTICS?

Sol:

n 10! 10!
( ) - - = 50400
ny Ny nz.ny) T 31312011111 31312111 1!

Combinations:

In a permutation, the order of the selected things is essential. In contrast, a
combination of given things means any selection of one or more things without

regard to order. There are two kinds of combinations, as follows.
The number of combinations of n different things, taken k at a time, without

repetitions is the number of sets that can be made up from the n given things, each
set containing k different things and no two sets containing exactly the same k
things. The number of combinations of n different things, taken k at a time, with
repetitions is the number of sets that can be made up of k things chosen from the
given n things, each being used as often as desired.

The number of different combinations of n different things taken, k at a time,

without repetitions, is:
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And the number of those combinations with repetitions is:

=1, (n+ 1=+ Dn!

R)=1 (=1 (=

[ Random Variables J

Discrete random variable: a random variable X will be defined to be discrete

if the range of X is countable. If a random variable X is discrete, then its
corresponding cumulative distribution function F X (.) will be defined to be discrete,
I.e. a step function.




Jhixd stage Jfrgineeting fnalysis dnaam A. gftmood

n
mean = X = Z x; p(x;)
i

n

mean square = E(x?) = X2 = z x; p (x)

i

standared diviation=¢ = /F — (X)2

EXAMPLE: An exam is taken by 9 students. After grading, it is found that the

percentage scores are as listed below. Calculate the mean and standard deviation.

1 2 3 4 5 6 7 8 9

33 | 47 58 67 75 82 88 94 | 100

Sol:

X = X xip(xy)

1

h
P@J=;=g

X =33%-+47%=+58%=+67 %=+ 75%-+82 %=+ 88 %=+ 94 * = +
9 9 9 9 9 9 9 9

100 *% — 715
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X2 = Y7 xf p (x)= (33)2 5+ (47)% %5+ (58)7 x5 + (67)2 = + (75)% »

2

51 + (82)2 % + (88)2 % + (94) § + (100)2 g = 5564.4

o0 =+X2— (X)2=.5564.4— (71.5)2 =452.15 = 21.26

Continuous Random Variable:

Continuous random variables appear in experiments in which we measure
(lengths of screws, voltage in a power). A random variable X and its distribution
are of continuous type or, briefly, continuous, if its distribution function can be

given by an integrals:
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EXAMPLE: The random variable x has probability density function

_(cx 0<x<2
p(x) = { 0 otherwise
1- Constant c
2-p(0<x<1)
1 1
p(-;sxs3)
4- X, X2, 0
Sol:

1- [7 p(x)dx = fozcx dx =1

cx? .
- — - e
5 C
0
2-p(0<x<1) = d —lﬁl—l(l)—l
p X Ty CXAX =3 21p 4 4
1/2
\ ( 1_ <1)_f P x21/2_1(1)_1
PAiT237%=2)7 ) 7% T2 7| Ta\4) T e
0
2 2 2
4 X—j d—j 2 dx = jzd —1x32—1(
= | x p(x)dx = | cx*dx = X x—23 =3
0 0 0 0
2 2 2
5—X2=|x% p(x)d —f 3d —1f 3d —1x42—1
— —jx p()dx = | cx’dx =5 | x x—240—2
0 0

0
c=yJX2—(X)2=[2— (2)2 = 0.471
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[ Probability Distribution J

Binomial Distribution: It is used for discrete events only.

(q+p)" = (1:) P q"

— 0 .n n-1 n(n—1) 2 n-2 4 ..
=p'q tnpq + 1%2 P~ q +
nn-1).(n—-r+1) W (M
1+«2x*..1 P q totp (n)

Where:

n: number of attempts , P: probability of success , q: probability fail.

EXAMPLE: What is the probability of getting 0,1,2,3.,4,...sixes in four throws of
an unbiased dice?

Sol:

P(six) = %, q =1—p(otsix)=1-1/6 =5/6

P(+) =0 OO+ 20O 2000 -

1296
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[ Statistics ]

Is that branch of mathematic that deals with the collection and analysis of data in

the form of sets of values of discrete or continuous variable.

In order to evaluate the mean and standard deviation we apply the formula:

Where: f; is the number of frequency.
n: the summation of frequencies.

The standard deviation is given by:

EXAMPLE: The following results were obtained when measuring the diameters

of 50 washers. Calculate the mean and standard deviation.
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Diameter(x;)

Number of

washer(f;)

Sol:

40 7 3.24 22.68
41 12 0.64 7.68
42 18 0.04 0.72
43 8 1.44 11.52
44 5 4.84 24.2
zfi=5° Zfi(x—7)2
= 66.8

=41.8mm

__ifixi _7(40) + 12(41) + 18(42) + 8(43) + 5(44)
=L h T 7+124+184+8+5
l

ne (v—x)2
n \} 50
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[ HOMEWORK ]

1- How many different samples of 6 objects can we draw from a lot of 24

a) With reputation b) without reputation

3- In how many different ways can we select a committee consisting of 2
engineers, 1 physicists, and 5compute scientists from 7 engineers, 4
physicists, and 10 computer scientists?

4- Determine the mean and slandered deviation for the following data.

Degree 23 50 80 98 67

Number of

student

5- Find the mean of variable x which has probability density distribution
p(x) =4(2x3—5x), 1<x<2
6- If the probability of Ali success in an exam is (0.3) and the probability of
Ahmed failed in the same exam (0.2). Find the probability of Ali failed or
Ahmed faild.
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g Chapter Four

Numerical Computations

)

Definition:

Is that branch of mathematical concerning of methods of obtaining numerical

results for many problems.

[ Solution of Equation with One Variable J

1- Bisection method.

If a continuous function f(x) defined on the interval [a, b] with f(a) < 0 and

f(b) > 0, then there exists ¢; a < ¢ < b.

Steps for solution:

a,+b,

1- Compute ¢,, = — = 0,1,2,...
2- If f(a) f(c)=0,set a,., =c¢, and b, ; = b,

3- The iteration is stopped if = <€

n

Where € is the tolerance.
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EXAMPLE: f(x) = x3 + 4x2? — 10 has a root in [1, 2]. Use bisection method
to find that root if €= 107%.

Sol:

fla)=f(1)=134+4%12—-10 = =5 (negetive)

f(b)=f(2)=23+4%22—-10=14 (posetive)

a, b, Cn f(an) * f(bn)

1 2 1.5 -+

1 1.5 125 - -

1.25 1.375«— | __-1.3125 - -
1.3125 «— 1.375 1.343 - -
1.364 1.365 _1.3649 - -
1.3649 «— 1.3652 1.365 - -

C11—C12

=~ |-8.9x1075| < 1074

C12
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-In order to calculate the number of iterations (n) we use the role:

EXAMPLE: Determine approximately how many iterations are necessary to solve

f(x) = x3 + 4x% — 10 with accuracy of €= 1075 in the interval [1,2].

Sol:
n > logb-a)-loge _ log(2-1)-log 107°
log 2 log2
> log1+5log 10 _ 0451 _ 5 _ 166~ 17
log 2 0301  0.301

2-Newton —Raphson method (N.R):

It is used for solving f (x) = 0, where f(x) has a continuous derivative f (x)

Generally:

EXAMPLE: Use Newton- Raphson method to solve f (x) where

fxX)=x>—-3x+1=0, x,=2.
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Sol:

fx)=2x-3,n=0,1,2,...

flxo) _ o  22-3%2+41

n=0-= X =x - Flxo) 2+2-3 3
_ o f() o, 32-3+341 _
n=1- x,=x; P s 2.667
n=2- x3=x, -2 = 2667 - 228 _ 619
f(x) 2.334
[ Numerical Integration ]

Is the numerical evaluation of a definite integral.

A= f:f(x) dx

A is the area under the curve of f (x) between a, b.

1) Trapezoidal rule:

We divide the integral of integration into n equal of length h = bn;a

and approximate f (x) in each sub interval by a piecewise linear function, we

obtain:
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EXAMPLE: Use trapezoidal method to evaluate A = f02x2 dx
Sol:

Ta=22=05 0 h 2

v

X2 d = W fGr) + FOer) + £ i) + Fxs) +5 £ )]

OSN

b
Asz(x)dxz

A=05[5 f(O) +£(05) +f(D) +£(15) + 3£ (2]

A=05 [15*0+0.25+1+2.25+%*4]=2.75

2) Simpson’s rule:

We subdivide the interval of integration a < x < b into an even number (2n) of

equal subintervals. -

And f (x) is approximate using piecewise quadratic approximation. The result is:

Where:
Go = f(a) + f(b)

G, =f(x)+f(x3)+ -+ f(x20-1), (odd values of x)
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Gy, = f(x3) + f(xyg) + -+ f(X2n-2), (even values of x)

EXAMPLE: Evaluate A = fol e ™" dx using Simpson'srole with 2n = 10.

Sol:

|
=
~
(op)
—
op)
N

0 0 fx)=f@=f(0)=1
1 0.1 0.99517
2 0.2 0.96040
3 0.3 0.913931
4 0.4 0.852144
5 0.5 0.778801
6 0.6 0.697676
7 0.7 0.612626
8 0.8 0.527292
9 0.9 0.444858
10 1 f(b) = f(2) = 0.367879

0.1
A= 3 [1+ 0.367879 + 4(3.740266) + 2(3.03791)] = 0.746825
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[ Numerical Differentiation ]

1- Difference formula:

xl=xo+h

If h > 0 the formela is called forward.

If h <O0the formelais called backward.

EXAMPLE: If f(x) =Inx,x. = 1.8,find f(x.) with h = 0.1, 0.01,0.001

Sol:
f(x) _ fx + h})l — f(x)
, _ f(1840.1)—f(1.8)  In(1.9) —In(1.8)
f(1.8) = 0.1 B 0.1
_ 0.641—0.5877 _ 0.0533 _ :
0.1 01 0.533
h =0.01,
F(1.8) = f(1.8+0.01) — £(1.8) _ In(1.81) — In(1.8) 0554018

0.01 0.01

h = 0.001,

48




Jhixd stage Jfrgineeting fnalysis dnaam A. gftmood

f(1.8+40.001) — £(1.8) _ In(1.801) — In(1.8)

0.001 0.001 = 0555401

£(1.8) =

2- Three- points formula:

In this method, the points are equally spaced x,, x; = x-+ h, x, =x; + h

Formula (1)

Formula (2) has the advantage over formula (1) by half the error and evaluated

only at two points.

EXAMPLE: If f(x) = x e*,find f(2),h = 0.1 using three point formulas.
Sol:
f(2) meanx. =2
X»—h=19, x;, =21, x, =22

Formula (1):
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fx) = o [-3f () + 4 f(x0) — f(a2)]

flx) = — [-3f(2) +4 f(2.1) — f(2.2)] = 22.03231

2%0.1

Formula (2):
fx) = o [+ h) — f(x- — h)]

f@) == [f2+0.1) - f(2—0.1)] = 22.22879
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[ HOMEWORK J

1- Approximate f(1) for f(x) = sinx using three point formulas’ with
h=0.5
2- Solve the following equation using Newton Raphson method

f(x) =2x%+3x =0 with x. =0

1
x2+4

3- Evaluate A = fol

dx using:
a) Trapezoidal method.

b) Simpson’s rule.
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